Advancesin SLQP algorithms for
lar ge-scalenonlinear optimization

Richard A. Waltz, Northwestern University

rwaltz@ece.northwestern.edu

joint with: Richard Byrd, Nick Gould and Jorge Nocedal

40th Workshop on Large Scale Nonlinear Optimization
Erice, Sicily, Italy
23 June, 2004

Erice 2004, 23 June 2004 — p.1/2.



Mot vation

Why develop a new active-set code?

#® Active-set methods have nice properties
s warm starts
s good active-set and sensitivity info
s Mmore stable

#® SQP ineffective when large reduced space

GOAL: Develop large-scale active-set method
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Weaknessesf SQP

#® Costly when many degrees of freedom
s Form and factorize a (dense) reduced Hessian

# |Infeasible QP subproblems

#® Tradeoff: Exact 2nd derivatives vs. inde nite QPs
s TR: Exact Hessian but inde nite QPs (FilterSQP)
s LS: BFGS Hessian but convex QPs (SNOPT)

# Can't get a cheap Cauchy point for SQP
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SLQP Methods

Investigating SLQP methods:
Estimate active-set at each iteration via LP solve
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SLQP Methods

Investigating SLQP methods:
Estimate active-set at each iteration via LP solve
Only solve equality constrained QPs
Can use iterative (projected CG) approach
Can solve EQP subproblems inexactly
No need to factorize Hessian/reduced Hessian

Can work with exact Hessians and handle
nonconvexities

BIG QUESTION:

How well does LP estimate the active-set???
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Overview of SLQP

Solve LP to estimate active-set
Step given by LP solution determines Cauchy point
Solve equality constrained QP (use CG)

> W

. Trial step is a convex combination of LP and EQP steps
(achieves at least as much decrease as Cauchy step).

Fletcher, Sainz de la Maza (1989)
Chin, Fletcher (1999,2003)
Byrd, Gould, Nocedal, W. [SLIQUE] (2004)
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Overview of SLIQUE

Nonlinear Problem:

mXin f(X)

st. hi(x)=0;, 12E
g(x) O i2]
X 2 IR"

Assume all functions twice-continuously differentiable.
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LP Subproblem (SLIQUE)

min - r f (x)'d

st.  hi(x)+rh(x)'d=0;, i2E
g(xX)+rg(x)'d 0 i2l
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LP Subproblem (SLIQUE)

nw1 r f(x)'d

st. hi)+r h(x)'d= 0
g(xX)+rg(x)'d O

kdk1 =P

Constraints may be inconsistent!
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"1 LP Formulation (SLIQUE)

X
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W(x)= fi2Ejhi(x)+r hi(x)"d® = 0g]
fi21jg(x)+r g(x)d¥ =0g




Model Function and Cauchy Point

Minimize quadratic model along LP direction
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Model Function and Cauchy Point

Minimize quadratic model along LP direction

o) = (o) + 3dTH(x; )d;

ming( d); 2 (0;1]

Global convergence theory based on Cauchy step.

Byrd, Gould, Nocedal, W. (2004)
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EQP Subproblem (SLIQUE)
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EQP Subproblem (SLIQUE)

mdin dTH(x; )d+r f(x)"Td

st.  hix)+rh(x)'d=0, i2E\ W

g()+rg(xX)'d=0 i21\W
kdk>

Solve using projected CG
NOTE: Inactive constraints completely ignored!

Rede ne the EQP Hessian and gradient to include info
on inactive, violated constraints

Erice 2004, 23 June 2004 — p.10/2:



Rede ned EQP Hessianand gradient

Rede ne EQP Hessian HE®P and gradient g=°F to take into
account violated constraints

V: set of violated constraints at EQP origin
V¢ complement of V

HEP(x; )= r 4 £

2 X 2
ir <hj(x) ir <gi(x)
i 2\/c\E 2V ey
X X
+ sign()r 2h;(x) r 2gi(x)
i2V\E i2V\l

EQP gradient rede ned in a similar way
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Total Step

initial iterate
Xo

Cauchy point

line search path

trial point

Figure 0: Dogleg path for step computation.
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Dif culties

LP inef ciencies

Managing 2 trust-regions

Handling degeneracy

How to handle the penalty parameter?
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LP Inef cencies

LP subproblem (in standard LP form):
X X
min r f(x)'d+ (g + ri) + t;
d;gir;s;t . .
12E 121
st hix)+rh(x)'d=qg r; i2E
G(X)+rg(x)'d=s t; i2l
kdk1 -P
ar;s;t; O
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LP Inef cencles

LP subproblem (in standard LP form):

X X
min  rfe)td+  (gH+r)+
darist i2E 2]

st hix)+rh(x)'d=qg r; i2E
gi(x)+r gi(X)Td: si ti; 121
kdk LP
qgr;s;t; O

1. Many LP TR constraints active at solution
2. Problem constraints stabilize, but TR constraints don't!
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LP Inef cencles

Attempts to reduce the LP cost:

Give better initial basis to LP - improve warm starts

1. Apply grad. proj. to estimate active TR constraints

2. Solve LP with initial basis given by:
- active problem constraints from previous LP
- active TR constraints from gradient projection

Truncate LP (stop with inexact solution)

Skip LP (when problem constraints stabilize)
When to skip?

How to recover if active-set is wrong?
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Managing 2 Trust-Regions

How to manage 2 trust-regions?
LP: box trust-region must not get “too big” near solution
EQP: spherical trust-region (standard)

g(x) =0

.__Solution point

LP point
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Managing 2 Trust-Regions

LP and EQP trust-regions operate quasi-independently

LP: focuses on active-set identi cation
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Managing 2 Trust-Regions

LP and EQP trust-regions operate quasi-independently

LP: focuses on active-set identi cation
accepted step: 5, = max(1:2kdgky ; 1:2kdi ks )

rejected step: L7, = min(0:5kdgky ; LP)

EQP: measures quality of our model (standard TR)
use standard TR update rules
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Degeneracy

LP subproblem (in standard LP form):

X X
min  rfe)td+  (gH+r)+
darist i2E 2]

st hix)+rh(x)'d=qg r; i2E
gi(x)+r gi(X)Td: si ti; 121
kdk LP
qgr;s;t; O

Want maximal, linearly independent working set of problem

constraints in degenerate case.
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Penalty Parameter Update

SLIQUE is a penalty method

Penalty parameter plays a key role in:

1. LP subproblem (active-set identi cation)
2. Step computation

3. Model function

4. Merit function and step acceptance

Key idea:

Use LP subproblem as a mechanism for choosing
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Penalty Parameter Update

LP subproblem:
X

m(jn r f(x)'d+ ihi(x)+r hj(x)"dj
12E
X
+ max(0; g(x) r g(x)'d)
121

s.t  kdk; P

Choose such that:

1. Enforce suf cient reduction in linearized infeasibility
(satisfy linearized constraints if possible)

2. Enforce reduction in LP objective a fraction of reduction
In linearized infeasibility
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Global Theory




Global Theory

For x ed penalty parameter
Theorem 1

If the sequence xy Is bounded, there exists a limit point x
which is a critical point for the "1 penalty function

X X
(x) = f(x)+ Jhi (X)) + max(0; gi(x))

1 2E 1 21
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Global Theory

Using an idealized SLIQUE-like penalty update rule:

Theorem 2
If the sequence Xy is bounded, and | is bounded, there exists a
limit point X which is either

1. a KKT point of the NLP, or

2. an infeasible critical point of w(x) = kh(x)k + kmax(0; gi(x))k
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Global Theory

Using an idealized SLIQUE-like penalty update rule:

Theorem 2
If the sequence Xy is bounded, and | is bounded, there exists a
limit point X which is either

1. a KKT point of the NLP, or

2. an infeasible critical point of w(x) = kh(x)k + kmax(0; gi(x))k
If ¢! 1,

1. ifw(x) 9 0, then 9 a limit pt. which is an infeas. stationary pt.

2. ifw(x)! O, then either
(a) 9 a limit point which satis®es the KKT conditions; or
(b) 9 a feasible limit point where MFCQ is violated
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ResultsSummary (Robustness)

CUTEr problems with inequality constraints/bounds

Problem | Sample || KNITRO || SLIQUE || SNOPT
class size (IP) (SLQP) (SQP)

% optimal || % optimal || % optimal

1 n+ m< 1000 344 389.0 38.1 92.1

1000 n+ m < 10000 125 81.6 73.6 704
10000 n+ m 147 76.9 68.7 53.7
Total 616 84.6 80.5 79.2

DOF > 2000 171 82.5 78.9 53.8

Table O: Robustness results by problem size
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