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Abstract

This paper describesKnitr o 5.0, a C-packagefor nonlinear optimization that com-
bines complemenary approadesto nonlinear optimization to achieve robust perfor-
mance over a wide range of application requiremerts. The padckage is designed for
solving large-scale,smooth nonlinear programming problems, and it is also e ectiv e for
the following special cases:unconstrained optimization, nonlinear systemsof equations,
least squares,and linear and quadratic programming. Various algorithmic options are
available, including two interior methods and an active-setmethod. The padage pro-
vides crosswer techniques between algorithmic options as well as automatic selection
of options and settings.

1 Intro duction

Nonlinear programming problems are often dicult to solve. In spite of the rapid pace
of algorithmic improvemerts, the most e cien t algorithms available at presert provide no
guarartees of successor of fast performance over a range of applications. To complicate
matters, the seart for improved methods has led researbiers to proposea variety of algo-
rithms, ead of which is typically implemented in a separatesoftware package. To overcome
the numerousdi culties that arisein practice, software developers have included a variety
of options and heuristics to improve the chancesof success. These padkagesare, how-
ewver, constrained by the underlying algorithm, and asis well known, no single approad is
uniformly successfulin nonlinear optimization. The prospective user is thus faced with a
di cult choice. Each code is unique in many ways: input and output formats, options and
corvertions. Thusthere is a steeplearning curve in trying to achieve the most e ectiv e use
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of a padkage. The availability of many codesthrough the NEOS Sener
http://www-neos.mcs.anl.  gov/ addressenly someof theseissues.

The Knitr o software padkageaimsto achieve greater exibilit y and robustnessthrough
an integration of two powerful and complemenary algorithmic approadtesfor nonlinear op-
timization: the interior-p oint approad and the active-setapproad. The impressive success
of an integrated approach of this sort for linear and integer programming, particularly over
the past decade[21, 23], arguesfor a similar approad to be takenin nonlinear optimization.
Knitr o is capableof applying featuresof an interior-p oint method or an active-setmethod
| or possibly both | depending on problem characteristics. Within the interior-p oint
approad, Knitr o provides two algorithms implementing distinct barrier approades. One
of the main challengesin the developmert of Knitr o hasbeenthe e ectiv e integration of
the interior and active-setalgorithms into a uni ed padkage, and the developmert of tools
that exploit the power of our integrated approad.

The nonlinear programming formulation consideredin this paper is:

min £ (x) (1.1a)
subject to c(x)=0 (1.1b)
a(x) O (1.1c)

wheref :R"! R,c :R"! R'andc :R"! R™ are twice cortinuously di eren tiable
functions. Problem (1:1) includes as special casesunconstrained optimization, systemsof
nonlinear equations, least squaresproblems, linear programs and quadratic programs. An
important feature of the algorithms implemented in Knitr o is that they automatically
reduceto e ectiv e algorithms for ead of the simpler problem classes.

The quality and diversity of nonlinear optimization software has greatly improved dur-
ing the last 10 years. Someof the established padageshave matured, and new padkages
have emerged. Snopt [18] and Fil terSQP [15] implemert active-setsequetial quadratic
programming (SQP) methods. Snopt usesa line seard approad, and in its default set-
ting, employs quasi-Newton approximations to the Hessian. Fil terSQP follows a trust
region approad, with Iter globalization, and makes use of second-deriative information.
The Minos [29] and Lancelot [12] padkages,which were the rst widely available codes
capableof solving problemswith tens of thousandsof variables and constraints, implement
augmerted Lagrangian methods. Another well establishedpadkageis Conopt [14], which
o ers reducedHessianand SQP methods.

Most of the new padckagesare based on the interior-point approach. Loqo [33] im-
plemerts a line seard primal-dual algorithm that can be viewed as a direct extension of
interior methods for linear and quadratic programming. The rst releaseof Knitr o [6]
o ered a trust region interior-point algorithm employing a conjugate gradiert iteration in
the step computation; the secondreleaseaddeda line seart interior algorithm that is safe-
guardedby the trust regionapproad [38]. Barnlp [2] and Ipopt [36] implemernt line seart
interior-p oint approades;lpopt usesa lter globalization and includesa feasibility restora-
tion phase. Mosek [1]is a primal-dual interior-p oint method for convex optimization, and
Pennon [25] follows an augmerted Lagrangian approad.
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Figure 1. The main algorithmic options in the Knitr o 5.0 padcage.

New active-set methods based on Sequetiial Linear-Quadratic Programming (SLQP)
have recertly beenstudied by Chin and Fletcher [9] and Byrd et al. [5]. Unlike SQP meth-
ods, which combine the active-setidenti cation and the step computation in one quadratic
subproblem, SLQP methods decouple these tasks into two subproblems. The active-set
algorithm in Knitr o, implements the SLQP method described in [5].

Interior-point and active-set methods o er competing state-of-the-art approades for
solving nonlinear optimization problems| ead with its own set of advantages. Bend-
marking studies [13, 28] have tried to identify the classesof problems for which eat ap-
proad is bestsuited, but the rapid paceof software developmen makesit dicult to arrive
at concrete conclusionsat this time. We take the view that interior-point and active-set
methods will both be neededin the yearsto come.

2 Overview of the Package

Knitr o 5.0 is a C-padkagefor solving nonlinear optimization problems. It is designedfor
large-scaleapplications, but it is alsoe ectiv e on small and medium scaleproblems. A great
deal of attention has beengiven to the performanceof the Knitr o algorithms on simpler
classesof problems sudh as systems of nonlinear equations and unconstrained problems
becausehesetasksare crucial in the solution of nonlinear programming problems. We have
also ensuredthat the algorithms are fast and reliable on linear and quadratic programming
problems. A schematic view of the Knitr o padageis given in Figure 1.

In Figure 1 the nomenclature CG re ects the fact that the algorithmic stepis computed
using an iterative conjugate gradient approad, while DIRECT implies that the step is
(usually) computed via a direct factorization of a linear system. As the gure suggests,
the software design will enable the addition of future options in the padage suc as a
DIRECT version of the active-setalgorithm. Throughout the remainder of this paper we
will referto the implemertations of the CG and direct interior-p oint algorithms in Knitr o
aslInterior/CG and Interior/Direct , and the active-setalgorithm implemenrtation will
be called Active .

In the following sections we give an outline of the algorithms implemented in Kni-
tr 0. The descriptions are inevitably incomplete, since many additional features (such as



second-ordercorrections, iterativ e re nement steps,resetting of parameters,and regulariza-
tion procedures)are neededto achieve e ciency and robustnessover a range of problems.
Nevertheless,our outlines highlight the main features of the algorithms.

3 Interior-P oint Metho ds

The interior (or barrier) methods implemented in Knitr o assaiate with (1:1) the barrier
problem

xXn
rQ_iSn f (x) logs; (3.1a)

’ i=1
subject to c(x)=0 (3.1b)
a(x) s=0; (3.1¢)

where s is a vector of slak variablesand > 0. The interior approad consistsof nd-
ing (approximate) solutions of the barrier problem (3:1) for a sequenceof positive barrier
parametersf g that corvergesto zero.

The KKT conditions for (3:1) can be written as

rf(x) As'(X)y AT(X)z = 0 (3.2a)
e+Sz = 0 (3.2b)

ce(x) = O (3.2¢)

a(x) s = 0 (3.2d)

wheree= (1;:::;1)", S = diag(s1; :::;Sm), Ac and A, are the Jacobian matrices correspond-
ing to the equality and inequality constraint vectors respectively, and y and z represert
vectors of Lagrange multipliers. We also must have that s;z 0. In the line seard ap-
proadh, we apply Newton's method to (3:2), badktracking if necessarysothat the variables
S;z remain positive, and so that the merit function is su cien tly reduced. In the trust
region approad, we assaiate a quadratic program with (3:1) and let the step of the algo-
rithm be an approximate solution of this quadratic subproblem. Thesetwo approadesare
implemerted, respectively, in the Interior/Direct and Interior/CG algorithms, and
are described in more detail below.

The other major ingrediert in interior methods is the procedure for choosing the se-
qguenceof barrier parametersf g. Seweral options are provided in Knitr 0. In the Fiacco-
McCormick/monotone approach, the barrier parameter is held xed for a seriesof it-
erations until the KKT conditions (3:2) are satis ed to someaccuracy An alternative is
to use an adaptive strategy in which the barrier parameter is updated at ewvery iteration.
We have implemerted the following adaptive update options: (i) the rule implemented in
Logo [33] basedon the deviation of the minimum complemerarity pair from the average;
(i) a probing strategy that usesMehrotra's predictor step to selecta target value for ;
(iii) a so-calledquality-function approad; (iv) variants of option (ii) which possibly utilize
safeguardedcorrector steps. These rules are described and tested in Nocedal, Weedter
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and Waltz [3(0]. Sinceit is not known at presern which oneis the most e ectiv e in practice,
Knitr o allows the userto experiment with the barrier update strategiesjust mentioned.
To control the quality of the steps, both interior algorithms make use of the non-
di erentiable merit function
xn
(x;8) = f(x) logsi + kce(X)ko + ko (x)  sko; (3.3)
i=1
where > 0. A stepis acceptableonly if it providesa su cien t decreasén . Although it
hasbeenreported in the literature [22, 34] that merit functions of this type caninterfere with
rapid progressof the iteration, our experienceindicatesthat the implemertation describedin
Section 3.3 overcomesthesedi culties. These obsenations are consisteri with the results
reported in Table 2 of Weaditer and Biegler [36], which suggestthat this merit function
approad is astolerant asa lter medanism.

3.1 Algorithm I: Knitr o-Interior/Direct

In this algorithm a typical iteration rst computesa (primary) line seart step using direct
linear algebra. In order to obtain global corvergencein the presenceof non-corvexity
and Hessianor Jacobian singularities, the primary step may be replaced, under certain
circumstances,by a safeguardingtrust region step. Interior-Direct is an implementation
of the algorithm described in [3§].

We begin by describing the (primary) line seard step. Applying Newton's method to
(3:2), in the variables x; s;y; z, gives

2 - - 32 3 2 - - 3
rb O Ae (x) A" (x) dy rfx) Ae (x)y A (x)z
g 0 z 0 S ds £ g Sz e _
Ac(x) O 0 0 dy ° Ce(X) ’
A (X) I 0 0 d; a(x) s
(3.4)
where L denotesthe Lagrangian
L(;sy;2) = () ye(x) z'(a(x) s): (3.5)
If the inertia of the matrix in (3:4) is
(n+ m; 1+ m;0); (3.6)

then the step d determined from (3:4) can be guaranteed to be a descem direction for the
merit function (3:3). In this case,we compute the scalars

¢ = maxt 2(0;1]:s+ ds (1 )sg; (38.7a)

7 = maxt 2(0;1]:z+ d, (1 )zg; (3.7b)

with = 0:995. If min( §; 7%) is not too small, we perform a badtracking line seart
that computesthe steplengths

s2 (0, &1, 22 (0; 7, (3.8)



providing su cien t decreaseof the merit function (3:3). The new iterate is then de ned as

+

X = X+ gdy; S s+ <ds; (3.93)
y'=y+ dy; ZP=z+ Ldp (3.9b)

+

On the other hand, if the inertia is not given by (3:6) or if the steplength s or
is lessthan a given threshold i, , then the primary step d is rejected. In this casethe
algorithm reverts to the trust region method implemented in the Interior/CG algorithm
(seethe next section) which is guararnteed to provide a successfuktep evenin the presence
of negative curvature or singularity.

The use of this safeguardingtrust region step makesthe Knitr o-Interior/Direct
algorithm distinct from other line seard interior-p oint algorithms, such asBarnlp, Ipopt
and Loqgo , which modify the Hessianr 2, L whenewer the inertia condition (3:6) is not
satis ed. We prefer to revert to a trust region iteration becausethis permits usto compute
a step using a null-space approac, without modifying the Hessianr 2,L. An additional
benet of invoking the trust region step is that it guarantees progressin caseswhen the
line seard approad can fail [7, 35]. Sinceit is known that, when line seard iterations
corverge to non-stationary points, the steplengths s or ; in (3:9) corvergeto zero, we
monitor thesesteplengths. If one of them is smaller than a given threshold, we discard the
line seard iteration (3:4)-(3:9) and replaceit with the trust region step.

We outline the method in Algorithm 3.1. Here D (Xx;s;d) denotesthe directional
derivative of the merit function along a direction d. The algorithm maintains a trust
regionradius  at every iteration, in caseit needsto revert to the trust region approad.

The initial multipliers yg;zo are computed as the least-squaressolution of the system
(3:2a)-(3:2b). When the line seard step is discarded (the last If-Endif block in Algo-
rithm 3.1) we compute oneor more Interior/CG steps(describedin the following section)
until one of them provides su cien t reduction in the merit function.

We assumein Algorithm 3.1 that we are using the Fiacco-McCormidk/monotone ap-
proad for updating the barrier parameter . Howewer, this algorithm is easily modi ed to
implement the adaptive barrier update strategies discussedat the beginning of Section 3.
In this case,there is no barrier stop test and the barrier parameter is updated at every
iteration using someadaptive rule (which could cause to increaseor decrease).

3.2 Algorithmic  Option 11: Knitr o-Interior/CG

The secondinterior algorithm implemerted in Knitr o0 computesstepsby using a quadratic
model and trust regions. This formulation allows great freedomin the choice of the Hessian
and provides a medanism for coping with Jacobianand Hessiansingularities. The price for
this exibilit y is a more complexiteration than in the line seard approad. Interior/CG

is an implementation of the algorithm described in [6], which is based on the approad
described and analyzedin [3].



Algorithm  3.1: Knitr o-Interior/Direct ‘

Choosexg, sp > 0, and the parametersO< ,and0< jn < 1. Compute initial

valuesfor the multipliers yq, zg > 0, the trust-region radius ¢ > 0, and the barrier
parameter > 0. Setk = 0.

Rep eat until a stopping test for the nonlinear program (1.1) is satis ed:
Rep eat until the perturbed KKT conditions (3:2) are approximately satis ed:
Factor the primal-dual system(3.4) and record the number neig
of negative eigervaluesof its coe cien t matrix.
SetLineSearch = False.
If neig |+ m

Solve (3.4) to obtain the seart direction d = (dy; ds; dy;d;).
De ne w = (xg;sk) and dy = (dy;ds).
Compute *; 7% by (3:7).
If minf 2*; 79> min,
Update the penalty parameter  (seeSection3.3).
Compute a steplength = 2*; 2 (0;1] sudh that
(w+ gdw) (w)y+ D (w;dy).
If s>  min >

Set ,= M

Set (Xk+1 3 Sk+1 5 Yk+1 5 Zk+1) by (3:9).
Set LineSearch = True.
Endif
Endif
Endif
If LineSearch == False,
Compute (Xk+1 ; Sk+1; Yk+1 ; Zk+1 ) using the Interior/CG algorithm
of Section 3.2.
Endif
Compute  y41.
Setk k+ 1.
End

Choosea smaller value for the barrier parameter
End




To motivate the Interior/CG algorithm, we rst note that the barrier problem (3:1)
is an equality-constrained optimization problem and can be solved by using a sequetial
quadratic programming method with trust regions. A straightforward application of SQP
techniquesto the barrier problem leads,however, to ine cien t stepsthat tend to violate the
positivity of the slad variables and are frequertly cut short by the trust-region constraint.
To overcomethis problem, we designthe following SQP method speci cally tailored to the
barrier problem.

At the current iterate (xg;sk), and for a given barrier parameter , we rst compute
Lagrange multiplier estimates (yx;zx) and then compute a step d = (dx;ds) that aims to
solve the subproblem,

. 1 1
min 1 f(x)Tdy + Edlr 2 L(xsykizk)dy e 'S, tds+ Edl ks

dx ;ds
(3.10a)
subject to Ae(Xk)dyx + ce(Xk) = re (3.10b)
Al(Xk)dx  ds+ c(Xk) sk=T, (3.10c)
kdg; S, tdsko  k (3.10d)
ds S; (3.10e)
where | = S 17 and = 0:995. Ideally, we would like to setr = (re;r,) = 0, but

sincethis could causethe constraints to be incompatible or produce poor steps, we choose
r asthe smallestvector sud that (3:10b)-(3:10d) are consistert (with somemargin). This
computation is described in more detail below.

We can motivate the choice of the objective (3:10a) by noting that the rst-order opti-
mality conditions of (3:10a)-(3:10c) are given by (3:2) (with the secondblock of equations
scaledby S ). The stepscomputed by using (3:10) are thus related to those of the line
seart algorithm described in the previous section. The trust-region constraint (3:10d)
guarartees that (3:10) has a nite solution even whenr 2, L (Xk; Sk; Yk, Zx) iS not positive
de nite. Thereforethe Hessianneednever be modi ed. The scalingS, Lin the trust-region
constraint is crucial; its e ect on the iteration will be discussedlater on.

Step Computation

The subproblem (3:10) is di cult to minimize exactly becauseof the presenceof the
nonlinear constraint (3:10d) and the bounds (3:10e). We can, howewer, compute useful
inexact solutions, at a moderate cost. To do so, Knitr o follows a null-space approac in
which the stepd is the sum of a normal stepv that attempts to satisfy the linear constraints
(3:100)-(3:10c) (with r = 0) aswell as possiblesubject to a trust region, and a tangential
stepthat lies on the tangen spaceof the constraints and that tries to achieve optimalit y.

To compute the normal stepv = (vx;Vs), we formulate the following subproblem:

min KAgvx + Ceka + KA vy Vs+ G sk3 (3.11a)
subject to  k(vy;S lvg)ko 0:8 : (3.11b)



(Here and below we omit the argumerts of the functions for simplicity.) We compute an
inexact solution of this problem using a doglegapproad, which minimizes (3:11a) along a
piecewiselinear path composedof a steepest descen step in the norm usedin (3:11b) and
a minimum-norm Newton step with respect to the samenorm. The scalingS lvs in the
norm tends to limit the extent to which the boundson the sladk variables are violated.

Once the normal step v is computed, we de ne the vectorsre and r, in (3:100)-(3:10c)
asthe residualsin the normal step computation, namely,

re = AgVy + C¢; rn=Avx Vvs+ (g 9):

Having computed the normal step (vx; Vs), the subproblem (3:10) can therefore be written
as

, 1

min 1 fTde e’S Tds+ S(dkr Lk + dg d) (3.12a)
subject to Acdy = Agvy (3.12b)
Ady ds=Avy Vs (3.12¢)

k(dy; S Yds)ko ; (3.12d)

which we refer to asthe tangential subproblem. To nd an approximate solution d of (3:12),
we rst introduce the scaling
d. S 'ds; (3.13)

which transforms (3:12d) into a sphere. Then we apply the projected conjugate gradient
(CG) method of Section 5 to the transformed quadratic program, iterating in the linear
manifold de ned by (3:120)-(3:12c). During the solution by CG, we use a Steihaug strat-
egy, monitoring the satisfaction of the trust-region constraint (3:12d), and stopping if the
boundary of this region is reached or if negative curvature is detected. Finally, we truncate
the step d if necessaryin order to satisfy (3:10e).

We outline this interior method in Algorithm 3.2. Here

ared(d) = (x;9) (X + dy;s+ dg) (3.14)

is the actual reduction in the merit function, and the predicted reduction, pred(d), is de ned
by (3:15),(3:16).

The multiplier estimates(yy;zx) are computed by a least squaresapproximation to the
equations(3:2a)-(3:2b) at Xk, and shifted to ensurepositivity of zx. The barrier stop toler-
ancecanbedened as = . As with the Interior/Direct algorithm, this algorithm is
easily modi ed to implement adaptive barrier update strategies.

The interior-point method outlined in Algorithm 3.2 is asymptotically equivalent to
standard line seard interior methods, but it is signi cantly dierent in two respects. First,
it is not a fully primal-dual method in the sensehat multipliers are computed asa function
of the primal variables(x; s) | asopposedto the formulation (3:4) in which primal and dual
variables are computed simultaneously from their previous values. Second,the trust-region
method usesa scaling of the variables that discouragesmovestoward the boundary of the
feasibleregion. This causesthe algorithm to generatestepsthat can be very di erent from
those produced by a line searth method.



Algorithm  3.2: Knitr o-Interior/CG ‘

Chooseparameter > 0. Chooseinitial valuesfor > 0, Xg, Sp> 0and o> 0.
Setk = 0.

Rep eat until a stopping test for the nonlinear program (1:1) is satis ed:
Rep eat until the perturbed KKT conditions (3:2) are approximately satis ed:
Compute the normal step vk = (Vx; Vs).
Compute Lagrange multipliers yy;zx > 0.
Compute the total step d¢x by applying the projected CG method to
(3:12a)-(3:12c) (seeSectionb).
Update the penalty parameter y (seeSection 3.3).
Compute aredg(dy) by (3:14) and pred, (dy) by (3:16).
If ared(dk) pred, (dk)

SetXg+1 = Xk + dx, Sk+1 = Sk + ds, and update  g+1 .
Else
Set Xk+1 = Xk, Sk+1 = Sk, and choose +1 < k.
Endif
Setk k+ 1.
End
Choosea smaller value for the barrier parameter
End
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3.3 Merit Function

The role of the merit function (3:3) is to determine whether a step is productive and should
be accepted. Our numerical experiencehas shown that the choice of the merit parameter
plays a crucial role in the e ciency of the algorithm. Both interior-point methods in
Knitr o choose at ewery iteration sothat the decreasen a quadratic model of the merit
function produced by a step d is proportional to the product of times the decreasein
linearized constraints.
To be more speci ¢, supposethat either the Interior/Direct or Interior/CG algo-
rithm has produced a step d. We de ne the following linear/quadratic model of the merit
function

Q=rfTd, e'S ds+ 5 dir 2 Ldy+dl ds + (m(@0) m(d); (3.15)

where
Acdy + Ce

Ady ds+¢ s 2;

denotesthe rst-order violation of the constraints, and is a parameter to be discussed
belon. We also de ne the predicted decreasen the merit function as

pred(d) = Q (0) Q (d): (3.16)

In all caseswe choosethe penalty parameter large enoughsud that

m(d) =

pred(d) [m(©) m(d)]; (3.17)

for someparameter0< < 1 (e.g. = 0:1). If the value of from the previous iteration
satis es (3:17), it is left unchanged,otherwise isincreasedsothat it satis es this inequality
with somemargin. Condition (3:17) is standard for trust region methods, but not for line
searty methods, where it may require to be larger than is neededto simply provide a
descen direction. As shawn in [38] this stronger condition can improve performanceof the
line seard iteration.

For a trust region method, such asthat implemented in Interior/CG ,weset =1
in (3:15) becausethese methods can deal well with inde niteness of the Hessian. A line
seart method, on the other hand, doesnot always produce a descen direction for the merit
function if the model on which it is basedis not corvex. Thereforein the Interior/Direct
algorithm wedene as

1 ifdlr 2, Ld+dl ds> 0

0 otherwise. (3.18)

This choice of guaranteesthe directional derivative of  in the direction d is negative.
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4 Activ e-set Sequential Linear-Quadratic Programming

The active-setmethod implemented in Knitr o doesnot follow an SQP approact because,
in our view, the cost of solving generally constrained quadratic programming subproblems
imposesa limitation on the sizeof problemsthat canbe solvedin practice. In addition, the
incorporation of secondderivative information in SQP methods has proved to be di cult.

We use, instead a sequettial linear-quadratic programming (SLQP) method [5, 9, 16]
that computesa stepin two stages,ead of which scalesup well with the number of variables.
First, a linear program (LP) is solved to identify a working set. This is followed by an
equality constrained quadratic programming (EQP) phasein which the constraints in the
working set W are imposedas equalities. The total step of the algorithm is a combination
of the stepsobtained in the linear programming and equality constrained phases.

To adhieve progresson both feasibility and optimality, the algorithm is designedto
reducethe "1 penalty function,

X X
P(x; )=f(x)+ ja(x)j + (max(0;  ci(x)); (4.1)
i2E i2l
where¢; i 2 E, denote the componerts of the vector cg, and similarly for ¢,. The penalty
parameter is chosenby an adaptive proceduredescribed below.

An appealing feature of the SLQP algorithm is that establishedtechniques for solving
large-scaleversions of the LP and EQP subproblems are readily available. Modern LP
software is capable of solving problemswith more than a million variables and constraints,
and the solution of an EQP can be performed e cien tly using the projected conjugate
gradient iteration discussedn Section5. We now outline the SLQP approad implemented
in Knitr o0-A ctive . This algorithm is animplementation of the algorithm Slique described
in [5].

4.1 Algorithm 111 Knitr 0-A ctive

In the LP phase, given an estimate x of the solution of the nonlinear program (1:1), we
would like to solve

mdin rf(xe)"d (4.2a)
subjectto  Gi(xk) + r G(xk)'d=0; i2E (4.2b)
G +rcx)'d 0 i2l (4.2¢)

kak P (4.2d)

with 7 > 0. (Note that (4:2) diers from the subproblemusedin SQP methods only in
that the latter include a term of the form %dTH din (4:2a), where H is an approximation
to the Hessianof the Lagrangian of the nonlinear program.) Sincethe constraints of (4:2)
may be inconsistert, we solve instead the "1 penalty reformulation of (4:2) given by
i def T X T .
min 1 (d) =rf) d+ o jati)+ralx) d
i2E
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X
+ ¢ max(0; c(xk) r G(xk)"d) (4.32)

i2l
subject to kdky K (4.3b)

The solution of this linear program, which we denote by d'*, is computed by the simplex
method soasto obtain an accurate estimate of the optimal active set.

Basedon this solution, we de ne the working setW assomelinearly independert subset
of the active set A at the LP solution, which is de ned as

A(d®)=fi2 Ejg(x)+ 1 g(x)'d® =0g[ fi 21 jg(xk)+r G(xk) ' d® = 0g:
Likewise,we de ne the setV of violated constraints as
V(AP)=fi2 Ejo(xk) + 1 G(xk)Td™® 8 0g[ fi 21 jc(xk)+r c(xk) d? < Og:

To ensurethat the algorithm makes progresson the penalty function P, we de ne the
Cauchy step
d = “*d°; (4.4)

where “* 2 (0;1] is a steplength that provides su cien t decreasein the following (piece-
wise) quadratic model of the penalty function P(x; ):

o) = 1 (@) + 2d"H (xig W 4.5)

Here H is the Hessianof the Lagrangian or an approximation to it, and | (d) is de ned in
(4:3a).

Given the working set Wy, we now solve an equality constrained quadratic program
(EQP) treating the constraints in Wy as equalities and ignoring all other constraints. This
givesthe subproblem

Py

X
min %dTH(xk; d+ 1 f(x) + ok irc(xy) d (4.6a)

i2v
subjectto  Gi(xk)+ r G(xk)Td=0; i2E\ Wy (4.6b)
Gx )+ ra(x)d=0 P21\ Wy (4.6¢)
kdky i (4.6d)

where ; is the algebraic sign of the violated i-th constraint. Note that the trust region
(4:6d) is spherical,and is distinct from the trust region - usedin (4:2d). Problem (4:6) is
solved for the vector d? by applying the projected conjugated gradient proceduredescribed
in Section5. The total step d of the SLQP method is given by

d= d°+ o o)

where @ 2 [0;1] is a steplength that approximately minimizes the model function (4:5).

13



Algorithm ~ 4.1: Knitr o-Active |
Initial data: xo, >0, § >0,0< < 1. Setk=0.
Rep eat until a stopping test for the nonlinear program (1:1) is satis ed:
LP point. Update the penalty parameter , and solve the LP (4:3)
to obtain the step di¥ , and working set W,.
Cauchy point. Compute " 2 (0;1] asan approximate minimizer of
q(d ) sud that ”kd? k k. Setdy = Pd” .
EQP point. Compute d? by solving the EQP (4:6).
Dene df = d df asthe segmen leading from the Cauchy point
to the EQP point.
Trial point. Compute 2 [0;1] asan approximate minimizer of
q(df + d §F). Setdy = df + 2df and x; = xi + d.
Step Acceptance. Compute
k= (P(Xk; k) P(Xr; k)=(k(©0) ok(dk)):
If x , Set Xy+1 X+, otherwise set Xy+1 XK.
Update 7, and 1. Setk k+ 1.
End

The trust regionradius ¢ for the EQP phaseis updated basedon the ratio , following
standard trust region update strategies. The choiceof |, is basedonane ort to generate
a good working set. In our implemenrtation, 7, is setto be a little larger than the total
step dx, subject to someother restrictions, as described in [5]. The multiplier estimates
usedin the Hessianare least squaresestimates using the working set Wy, and modi ed so
that § Ofori2]|.

Penalty Parameter Update Strategy.

A novel feature of our SLQP algorithm is the procedure for updating the penalty pa-
rameter. Unlike most strategies proposedin the literature [11], which hold the penalty
parameter xed for a seriesof iterations and only update it if insu cien t progresstoward
feasibility is made, our algorithm choosesan appropriate value of at ead iteration. This
selectiontakes place during the linear programming phase,as we now explain.

We de ne a (piecewise)linear model of constraint violation at a point xy by

X X
me(d) = jax) +rax)Tdi+ max(0; ci(xk) 1 ci(xk)'d); 4.7)
i2E i2l

sothat the objective (4:3) of the LP subproblem can be written as
L (d)=rf(x)Td+ « me(d): (4.8)

Givenavalue , wewrite the solution of the LP problem (4:3) asd*” ( k) to stressits depen-
denceon the penalty parameter. Likewise,d** ( 1 ) denotesthe minimizer of my(d) subject
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to the trust region constraint (4:3b). The following algorithm describesthe computation of
the LP step di” and the penalty parameter .

Algorithm  Penalty Up date. LP Step and Penalty Update Strategy.
Initial data: xx; k 1> 0, 7 > 0, and parameters 1; » 2 (0;1).
Solve the subproblem (4:3) with = | 1 to obtain d'P ( ¢ 1).
If me(d®(k 1))=0
Set * K 1-
Else computed-® ( 1)
If me(d¥ (1)) =0
Find * >  1sud that mg(d®( *)) = 0.
Else
Find * k 1 sud that
me(0)  mi(d"( 7)) a[mk(0)  mi(d¥ (1))l
Endif
Endif
Increase * if necessaryto satisfy
1+(0) 1+(d"( ™) 2 "[me(0) my(d¥( ")
Set g Tandd?  dP( 7).

The selectionof * > | ;isachievedin all casesby successiely increasingthe current
trial value of by 10 and re-solving the linear program. The penalty update algorithm
above guararteesthat is chosenlarge enoughto ensurecornvergenceto a stationary point
[4]. Although the procedure doesrequire the solution of someadditional linear programs,
our experienceis that it results in an overall savings in iterations (and total LP solwes) by
adhieving a better penalty parameter value more quickly, comparedwith rules which update
the penalty parameter basedon monitoring progressin feasibility. In addition, the extra LP
solves are typically very inexpensiwe requiring relatively few simplex iterations becauseof
the e ectiv enessof warm starts when re-solving the LP with a di erent penalty parameter
value.

5 Projected CG lteration

One of the main modules sharedby the algorithms implemented in Knitr o0, is a projected
conjugate gradient iteration. The tangential subproblem (3:12) in the Interior/CG algo-
rithm and the EQP phase(4:6) of the Active algorithm both require the solution of an
equality constrained quadratic program. We solve these problems using a projected conju-
gate gradiert iteration [10, 20, 24, 26, 32], which is well suited for large problems and can
handle the negative curvature casewithout the needfor Hessianmodi cations. We now
outline this iteration and refer the readerto [20] for a more detailed derivation.
Consider the quadratic program

. 1
min ExTGx + hTx (5.9a)
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subject to AX = b; (5.9b)

and assumethat G is positive de nite on the null spaceof A. One way to solve (5:9) is to
eliminate the constraints (5:90) and apply the conjugate gradient method to the reduced
problem. An equivalent strategy is to apply a special form of the CG iteration to the KKT

system of (5:9), which is given by

G AT X h

A 0 v - b (5.10)

Although the coe cien t matrix is not positive de nite, we can apply the CG method to
(5:10), provided we precondition and project the CG method so that it e ectively solves
the positive de nite reducedproblem within the feasiblemanifold (5:9b). This algorithm is
speci ed below. Here we denote the preconditioning/pro jection operator by P and give its
precisede nition later on.

Algorithm  PCG. Preconditioned Projected CG Method.

Choosean initial point xo satisfying Axo = b. Setx X, computer = Gx + h, z = Pr
andp= =z

Rep eat the following steps, until kzk is smaller than a given tolerance:

= rTz=p'Gp (5.11)

X+ p (5.12)

r = r+ Gp (5.13)
z" = Pr’ (5.14)
= (r")Tzt=rTz (5.15)
"+ p (5.16)

z z" and r rt (5.17)

End

This iteration has exactly the sameform asthe (standard) preconditioned CG method
for solving symmetric and positive de nite systems;seee.g. [19. The crucial di erence
is that normally P is a symmetric and positive de nite matrix, whereasin our caseit
represerts a projection and preconditioning matrix, which we de ne (indirectly) asfollows.
Given a vector r, we compute z = Pr asthe solution of the system

D AT z r
A O w 0’ (5.18)
where D is a symmetric matrix that is positive de nite on the null spaceof A, and w is
an auxiliary vector. For (5:18) to be a practical preconditioning operation, D should be a
sparsematrix, sothat solving (5:18) is signi cantly lesscostly than solving (5:10).

By construction z = Pr is in the null spaceof A, and so are all the seard directions
generatedby Algorithm PCG. Sinceinitially Ax = b, all subsequen iterates x also satisfy
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the linear constraints. To view this iteration relative to the reduced CG method in which
we eliminate the constraints (5:9b) and apply CG to a problem of dimensionn [, note that
all iterates of Algorithm PCG may be expressedasx = X+ Zu, for somevectoru 2 R" !,
and where the columnsof the n  (n |) matrix Z form a basisfor the null spaceof A.
In these null-space coordinates the solution of the quadratic program (5:9) is given by the
vector u that solves

(Z2"GZ)u= 2T (Gxp + h): (5.19)

It canbe shown (seee.g. [20]) that the iterates x generatedby Algorithm PCG are given by
X = Xp + Zu, whereu are the iterates of the preconditioned conjugate gradient method on
the system (5:19), using the matrix ZTDZ asa preconditioner. Therefore, Algorithm PCG
is a standard preconditioned CG iteration aslong as G and D are positive de nite on the
null spaceof A.

There are two advantagesof following the approad of Algorithm PCG over the reduced
CG approad. First, there is no needto compute a null spacebasis and consequetly no
risk that ill-conditioning in Z will deteriorate the rate of corvergenceof the CG iteration.
Moreover, in the Interior/CG algorithm we rst scalethe slak variables by (3:13), so
that the matrix A in (5:9) hasthe form

Ac O

A s (5.20)

Therefore there is no ill conditioning causedby somesladk variables approading 0. The
secondbenet is that the projection matrix in (5:18) can also be used to compute the
normal step and Lagrange multipliers; thus the extra cost of ead of these computations is
only one bad solve involving the factors of this projection matrix.

In the Interior/CG and Active algorithms we solve quadratic programs of the form
(5:9) subject to a trust region constraint kxk ; in addition, G may not be positive
de nite onthe null spaceof A. We adapt Algorithm PCG to this caseby following Steihaug's
approad: weterminate Algorithm PCG if the trust regionis crossedor if negative curvature
is encourtered.

Knitr o0 5.0 setsD = | in (5:18) sothat the preconditioner removesonly ill-conditioning
assaiated with the constraint matrix A. (We have experimented with other choicesof D and
future releasesof Knitr o will include banded and incomplete Cholesky preconditioners.)

Algorithm PCG assumeghat an initial feasiblepoint xg is provided. The factorization
of the systemin (5:18) allows us to compute such a point by solving

D AT w _ 0

A 0 Xo b

which is in fact the minimum-norm solution in the norm weighted by D.

6 Special Algorithmic Features

The Knitr o pacdkage provides many algorithmic options and featuresthat are listed com-
prehensibly in the documertation that accompaniesthe software [37]. Here we highlight
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some of these options and discusstheir relationship to the algorithms preseried in the
previous sections.

Hessian Options

The usercan supply rst and secondderivatives, which generally results in the greatest
level of robustnessand e ciency for the three algorithms in Knitr 0. In someapplications,
howewer, the Hessianof the Lagrangianr 2, L cannot be computed or is too large to store,
but products of this Hessiantimes vectors can be obtained through automatic di eren tiation
tools, adjoint codesor user-provided routines. For this casethe Interior/CG and Active
algorithms allow the userto provide theseHessianvector products at every iteration of the
projected CG iteration. In a related option, Knitr o takescortrol of this processand ap-
proximates the Hessian-ector products by nite di erences of gradients of the Lagrangian;
in this casethe user needonly provide gradiernts of the objective and constraints.

Quasi-Newton options have also beenimplemented for the three algorithms in Knitr o.
Here, the Hessianof the Lagrangianr 2, L is replaced by a quasi-Newton approximation
By, which is updated by the BFGS, SR1 or limited memory BFGS formulae. For example,
for the interior-p oint methods, we de ne

I =71 L(x";s";y";z") ryL(x;s";y";z%); x=x" x

and substitute the correction pairs ( |; x) in the standard de nition of the BFGS, SR1
or limited memory BFGS update formulae (seee.g. [31]). To ensurepositive de niteness
of the BFGS and L-BF GS updates the vector | is modied, if necessaryusing Powell's
damping procedure. SR1 updating is safeguardedto avoid unboundednessput is allowed
to generateinde nite approximations.

Feasible Mode.

In someapplications, it is desirablefor all of the iterates generatedby the optimization
algorithm to be feasible with respect to some or all of the inequality constraints. For
example, the objective function may be de ned only when some of the constraints are
satis ed, making this feature absolutely necessary Interior-p oint methods provide a natural
framework for deriving feasiblealgorithms, and we have therefore developed versionsof the
Interior/CG and Interior/Direct algorithms that have this feature.

The adaptation is simple. If the current iterate x satis es ¢,(x) > 0, then after computing
the step d, we let x* = x + dy, rede ne the slacks as

st o(x"); (6.21)
and test whether the point (x*;s*) is acceptable for the merit function . If so, we
de ne this point to be the new iterate; otherwise we reject the step d and compute a new,
shorter, trial step (in a line seart algorithm we badtrack, and in a trust-region method
we compute a new step with a smaller trust region). This strategy is justied by the fact
that, if at a trial point we have that c¢j(x*) 0 for someinequality constraint, the value
of the merit function is +1 , and we reject the trial point. This strategy also rejects steps
X + dy that aretoo cl_r,)seto the boundary of the feasibleregion becausesud stepsincrease
the barrier term M, log(si) in the merit function (3:3). Apart from the reset (6:21),
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in the Interior/CG algorithm we must introduce a slight modi cation [8] in the normal
step computation to ensurethat this step makessu cien t progresstoward feasibility.

Initial Point Strategy.

As is well known, interior methods can perform poorly if the initial point is unfavorable.
To overcomethis problem, we have implemented se\eral initial point strategiesthat work
well for linear and quadratic programming and are also appropriate for nonlinear programs.
At presen, the initial point strategiesare available only in the Interior/Direct option.
We now describe one of these strategies.

We rst compute, at the user supplied initial point Xo, an ane scaling step
d* = (dy;d§;dj;d7) by setting = 0in (3:4). Then we de ne

s; = max(L;jso + df));  z1 = max(l;jzo + dbj);

where the max and absolute values are applied componert-wise. The primal variables x
and the equality-constraint multipliers y are not altered, i.e., we de ne (X1;Yy1) = (Xo; Yo).
Finally we de ne the initial value of the barrier parameteras 1 = s z;=m.

The motivation for this strategy is to take care that the initial sladks and inequality
multipliers are not too closeto the feasible boundary which can lead to slow progress,
and ideally to generatean initial point nearerto the certral path. Furthermore, nonlinear
programming algorithms compute only local minimizers and accept user-supplied initial
estimatesxg that often lie in the vicinity of a minimizer of interest. Therefore initial point
strategiesshould either respect the user-suppliedestimate Xy or compute onethat is not too
distant from it. In addition, large initial valuesof the multipliers should be avoided in the
Hessiansincethey may intro duce unnecessarynon-corvexities in the problem. In particular
if one of the componerts, say zil, is large and the corresponding Hessianterm r 2cy(x1) is
inde nite, the Hessianof the Lagrangian can becomeinde nite, slowing down the iteration.
Therefore, when computing the rst step of the interior algorithm from (X1;S1;Y1;21) we
evaluate the Hessianof the Lagrangian using zo and not zi, i.e., r 2, L (Xo; So; Yo; Zo) (this
Hessianis independert of s, sothe choice of that variable is irrelevant). More details about
the initial point strategiesare givenin [17].

Special Problem Classes

When the nonlinear program (1:1) has a special form, the algorithms in Knitr o often
reduceto well-known special-purposemethods.

For unconstrained optimization problems, the Interior/CG and Active algorithms
(using secondderivatives)reduceto an inexact Newton-CG method with trust regions. This
is becausejn the unconstrainedcase thesealgorithms skip their respective rst phases,and
compute the step using, respectively, the tangential subproblem (3:12) and the EQP phase
(4:6), which are identical in this case.In the Interior/Direct option, the algorithm will
attempt to compute the Cholesky factorization of the Hessian,and if it is positive de nite
a badtracking line seart will be performed along the Newton direction. If the Hessian
is not positive de nite, the algorithm reverts to the trust region Interior/CG algorithm
and therefore computesan inexact Newton-CG step.

If the problem (1:1) is a systemof nonlinear equations, the algorithms in Knitr o imple-
ment a form of Newton's method (if secondderivatives are provided). In Interior/CG
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only the normal step (3:11) is computed, and the resulting algorithm coincideswith the
Levernberg-Marquardt trust region method. The Interior/Direct algorithm reducesto
a line searth Newton method in this case,using as a merit function the Euclidean norm
of the residuals of the system of equations. If the Jacobian is singular, Interior/Direct
reverts to the Leverberg-Marquardt method.

Knitr o adapts itself automatically to the two classesof problems just discussed(un-
constrained minimization and nonlinear equations). If the problem is a linear or quadratic
program, the user must inform Knitr 0, sothat the algorithms can take full advantage of
this fact. For LPs or QPs, Interior/Direct is the recommendedinterior-p oint option and
automatically enablesthe initial point strategy described above, aswell asa more aggressie
barrier update strategy. Active reducesto a simplex method in the LP case.

Infeasibility detection

It is not rare for usersto generate optimization problems that do not have a feasible
solution, and Knitr o includes heuristics to attempt to diagnosethis situation. As is well
known, howewer, infeasibility detection is a very di cult problem for nonlinear constraints,
and the algorithms in Knitr o cannot distinguish betweeninfeasible problems and cornver-
genceto an (infeasible) stationary point for a measureof feasibility.

In the interior point algorithms, our heuristics are basedon the theory developed in [3].
It statesthat, if the interior point algorithm is not capableof nding a feasiblepoint, then
we have that Ag(xk)Tce(xk) ! 0,and A, (xk)Tc (xk)! O, wherec, = max(0; ¢). The
Knitr o interior-p oint algorithms will terminate if thesevectorsare su cien tly small while
k(ce(Xk); ¢ (xk))k stays above somelevel.

Sincethe algorithm implemented in Active is a penalty method, it can deal naturally
with infeasibility. If a problem is infeasible then the penalty parameter will be driven to
in nit y. Moreover, if the algorithm is corverging to a stationary point for our infeasibility
measure,we have

me(0) mi(dT(1))! O

during the penalty update procedureproviding a clear indication of local infeasibility.

7 Crossover

Interior methods provide only an approximate estimate of the solution and the optimal
active set. In many practical applications, howewer, it is useful to know precisely which
constraints are active becausethis corresponds to the presenceor activity of certain con-
stituents of the solution. In addition, it is often important to have accurate estimatesof the
Lagrangemultipliers (or sensitivities). This canbe doneby switching from the interior to an
active-setiteration, a processthat is often called crossover Although crosswer techniques
have received much attention in the context of linear programming [27], to the best of our
knowledge, none of the nonlinear interior codes provide an option for it. We regard it as
essetial to have this facility in our integrated system, both for computational e ciency,
and to return solutions in a form that is useful for applications.
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In linear programming, crossaer involvestwo stages:identifying active constraints, and
moving from a nonbasic optimal solution to a nearby basicone. In nonlinear programming,
of course,we cannot expect the set of active constraints to correspond to a basic solution.
Instead, our crossaer procedure seeksto identify a set of active constraints with linearly
independert constraint gradients, and computesa solution at which those constraints are
satis ed with near equality, and which satis es Lagrangian stationarity using these con-
straints only.

This crosswer procedureis implemented by internally switching to the Active algo-
rithm after the Interior/Direct or Interior/CG algorithm has solved the problem to
the requestedtolerance. We rst solve the EQP phaseof Active using a tolerance-based
active-setestimate, and minimize the model function (4:5) along the resulting step direction
to generatea new solution estimate. If this step doesnot solve the problem immediately,
we beginthe full Active algorithm with aninitial LP trust region basedon that active-set
estimate. The goalis to judiciously choosethe initial LP trust region small enoughto ex-
clude all the inactive constraints, but large enoughto include the active ones. Below is a
basic description of the Knitr o crosswer procedure.

Algorithm  Crossover. Knitr o Crossoer Procedure.

1. The interior-point iteration terminates with stopping tolerance .o at iterate
(XK Sk; Yk Zk)-

2. Estimate the set of active constraints, A, using a tolerance test basedon primal-dual
feasibility and complemerarit y.

3. Using this active-setestimate, generatea step by solving the EQP given by (4:6) for
d? and perform a line seard to compute the steplength . If xx + °d? satis es the
stopping tolerances,terminate with that value and the corresponding multipliers.

4. Otherwise determine the initial LP trust region {, and penalty parameter g for
the Knitr 0-A ctive algorithm (Algorithm 4.1):

: G(Xk;sk) ..
Lh = f——————7 i 62AQ; 7.22
0 M e (i sk | 029 (7.22)
o = 10k(yk;zk)ks : (7.23)

5. Start Knitr o-Active usinginitial point (Xx;Sk;Yk;zk), ¢ and o.

Initially in Step 3 of crosswer, the active set is estimated using a tolerance test rather
than by solving the LP (4:3). This is becausepon somedi cult problems, the cost of solving
the LP subproblemcan be non-trivial and we would like the cost of our crosswer procedure
in most casedo be a small part of the overall solution time. Therefore, if it is not necessary
to solve the LP to identify the optimal active set, we seekto avoid doing this. In many
cases,especially if strict complemenarity holds at the solution, the initial estimate of the
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active set basedon the simple tolerance test will be correct and the crosswer will succeed
in oneiteration without solving any LPs.

The condition (7:22) usedto initialize the initial LP trust region ' guaranteesthat
if our active-set estimate is correct, the initial LP trust region will be small enough to
excludeall inactive constraints. Motiv ated by the theory for the " ; exact penalty function,
the penalty parameter is initialized to be a little larger than the Lagrange multiplier of
largest magnitude at the interior-p oint solution.
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