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Abstract—This paper quantifies the approximation error when
results obtained by Clark (Oper. Res., vol. 9, p. 145, 1961) are
employed to compute the maximum (max) of Gaussian random
variables, which is a fundamental operation in statistical timing.
We show that a finite lookup table can be used to store these
errors. Based on the error computations, approaches to different
orderings for pairwise max operations on a set of Gaussians are
proposed. Experimental results show accuracy improvements in
the computation of the max of multiple Gaussians, in comparison
to the traditional approach. In addition, we present an approach
to compute the tightness probabilities of Gaussian random vari-
ables with dynamic runtime-accuracy tradeoff options. We replace
required numerical computations for their estimations by closed
form expressions based on Taylor series expansion that involve
table lookup and a few fundamental arithmetic operations. Ex-
perimental results demonstrate an average speedup of 2× using
our approach for computing the maximum of two Gaussians, in
comparison to the traditional approach, without any accuracy
penalty.

Index Terms—Computer-aided design (CAD), Gaussian ap-
proximation, statistical timing, very large-scale integration
(VLSI).

I. INTRODUCTION

AN INCREASING significance of variability, as well as
an increase in the number of sources of variation in

modern very large-scale integrated (VLSI) circuits, necessi-
tate statistical approaches to timing analysis and optimization.
Analytical approaches to statistical static timing analysis have
thus emerged as an active research topic [3]–[10]. Many recent
works in the literature consider circuit component delays as
Gaussian random variables since this facilitates fast analytical
evaluation. Chang and Sapatnekar propose a statistical timing
analysis approach under this assumption which considers spa-
tial correlations [8]. A timing analysis algorithm that accounts
for correlations and accommodates dominant interconnect
coupling is proposed by Le et al. in [9]. A first-order incre-
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mental block-based statistical timing analyzer is presented by
Visweswariah et al. in [3].

Propagation of Gaussian distributions in block-based statis-
tical timing analysis involves operations like add and max. It
is required that the output of these operations be a Gaussian
for further propagation. An add operation on Gaussians yields
another Gaussian and is accurate. However, the max of multiple
Gaussians is not a Gaussian, and approximating its distribu-
tion with that of a Gaussian introduces inaccuracies. Results
obtained by Clark [2] are used to approximate the max of
two Gaussians with another Gaussian (by matching the first
two moments of their distributions). For multiple Gaussians,
the max operation is performed a pair at a time. Each of
these pairwise operations introduces errors by approximating
the resulting distribution with a Gaussian. These approximation
errors can propagate and affect accuracy. We observe that the
final loss in accuracy during the max of multiple Gaussians is
dependent on the order in which pairwise max operations are
performed. Prior work does not describe the impact of ordering
on the inaccuracy of the process.

Our contributions in this paper are summarized as follows.

1) We quantify the error in the approximation of the max of
two arbitrary Gaussians with a Gaussian. The closed form
expression for the distribution of the true max is derived
and is used to quantify the approximation error.

2) We present a transformation to obtain the max of two
random variables from the max of a new pair of derived
random variables, parameters of which can be bounded.
In addition, we show that the approximation error in the
max operation is an invariant of our transformation.

3) We introduce the idea of using a finite lookup table
(LUT) to store quantified approximation errors in the max
operation on any Gaussian pair.

4) We study the approximation errors as functions of the
given Gaussians and propose good orderings for pairwise
max operations on a given set of Gaussians. The orderings
attempt to reduce the loss in accuracy, without significant
increase in run times.

Due to the symmetry of max and min operations, the max
operation is considered in this paper. The approaches presented
are extensible for the case of min operations. Experimental
results show timing estimation accuracy improvements in com-
parison to the traditional approach.

We also present an approach to compute the tightness
probability of Gaussian pairs with dynamic runtime-accuracy
tradeoff options. We replace traditionally required numerical
computations for these estimations by closed form expressions
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Fig. 1. Error Ξ between two random variables with given pdfs is represented by the area of the shaded region.

based on Taylor series expansion that involve table lookup
and a few fundamental arithmetic operations. Experiments
demonstrate an average speedup of 2× using our approach for
computing the max of two Gaussians, in comparison to the
traditional approach, without any accuracy penalty.

The rest of this paper is organized as follows. Section II
provides some preliminaries to this paper. The error in the ap-
proximation of the max of two Gaussians with another Gaussian
is quantified in Section III. We present our error minimization
problem in Section IV and propose smart orderings for pairwise
max operations in Section V. Experimental results and conclu-
sions are presented in Sections VI and VII, respectively.

II. PRELIMINARIES

Based on prior work in [3], [8], and [9], we consider circuit
delays as Gaussian random variables, having a joint normal dis-
tribution. A Gaussian random variable X is formally expressed
as N(µX , σ

2
X), with mean µX and variance σ2

X .
The add operation on Gaussians is trivial and yields another

Gaussian. The max operation, on the other hand, is intricate,
and for a given set of Gaussians, performed a pair at a time.
We next show the moment matching approach (based on Clark
[2]) to compute the max of two Gaussians X and Y . ρ is used
to represent the correlation coefficient between X and Y . We
define the following:

φ(x) ∆=
1√
2π

exp
(
−x2

2

)
(1)

Φ(y) ∆=

y∫
−∞

φ(x)dx (2)

a
∆=

(
σ2

X + σ2
Y − 2ρσXσY

)1/2
(3)

α
∆=
µX − µY

a
. (4)

The mean µZ and variance σ2
Z of Z

∆= max(X,Y ) is expressed
analytically as follows:

µZ =µXΦ(α) + µY Φ(−α) + aφ(α) (5)

σ2
Z =

(
σ2

X + µ2
X

)
Φ(α) +

(
σ2

Y + µ2
Y

)
Φ(−α)

+ (µX + µY )aφ(α)− µ2
Z . (6)

The tightness probability of X over Y is denoted by Φ(α) [3].
Analytical evaluations of µZ and σZ involve computing the
exponential φ(α) and the definite integral Φ(α), in addition to
some fundamental arithmetic operations. Further, if we assume
that X and Y are timing random variables at the fan-in edges of
a node, the corresponding node and edge criticality estimations
[3] require the value of Φ(α). It is therefore evident that effi-
cient approaches to compute the exponential φ(α) and definite
integral Φ(α) can speedup the max computation and thereby
improve performance of a statistical timer. Faster statistical
timing analysis helps improving the run time for traditionally
slow statistical timing optimization, even when the criticality
concepts are not employed.
Z is traditionally approximated to a Gaussian variable ZG ∼

N(µZ , σ
2
Z) for delay propagation. The first- and second-order

moments of Z are matched to obtain ZG, while the higher order
moments of Z are ignored. This is the first and foremost source
of inaccuracy in the approach. The nonlinearity of the max
operation causes Z to have an asymmetric density function.
However, ZG has a symmetric density function. We quantify
the error introduced during the above approximation in the
following section.

III. APPROXIMATION ERRORS IN THE MAX OPERATION

A. Error Definition

A formal comparison of two given distributions requires
a metric that quantifies the dissimilarity (or similarity) be-
tween them. Given two random variables X and Y , and their
probability density functions (pdfs) ϕX and ϕY , respectively,
we quantify the dissimilarity or the error ΞXY between the
variables as the total area under the nonoverlapping region of
their pdfs. This is formally expressed as

ΞXY
∆=

∞∫
−∞

|ϕX(t)− ϕY (t)| dt. (7)

Fig. 1 shows pdfs of two random variables, the dissimilarity
between which we wish to quantify. The area of the shaded
region represents the error between them. Since the area under
each pdf is 1

0 ≤ ΞXY ≤ 2.
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B. Error in Approximating the max of Two Gaussians

We consider the max of two jointly normal Gaussian

distributions Z
∆= max(X,Y ), where X ∼ N(µX , σ

2
X), Y ∼

N(µY , σ
2
Y ), and ρ denotes their correlation coefficient. Z is

approximated to a GaussianZG ∼ N(µZ , σ
2
Z), after computing

µZ and σZ from (5) and (6). Based on (7), we formally quantify
the error introduced in this approximation as

Ξ(Z)(ZG)
∆=

∞∫
−∞

|ϕZ(t)− ϕZG(t)| dt. (8)

ϕZG denotes the pdf of the Gaussian ZG. Mathematically

ϕZG(t)
∆=

1√
2πσZ

e
− (t−µZ )2

2σZ
2 =

1
σZ

φ

(
t− µZ

σZ

)
. (9)

We next present a closed form expression for ϕZ(t) which
denotes the true pdf of max(X,Y ). The proof is presented in
[1] (similar to [11]).
Lemma 1:

ϕZ(t) =
1
σY

φ

(
t− µY

σY

)
Φ




(
t−µX

σX

)
− ρ

(
t−µY

σY

)
(1− ρ2)1/2




+
1
σX

φ

(
t− µX

σX

)
Φ




(
t−µY

σY

)
− ρ

(
t−µX

σX

)
(1− ρ2)1/2


 . (10)

Ξ(Z)(ZG) can now be evaluated from (9) and (10) using numer-
ical integration.

Since the correlation between Z and an arbitrary Gaussian
X ′ is identical to the correlation between ZG and X ′ [2], we
do not explicitly consider correlation in Ξ(Z)(ZG). In addition,
Ξ(Z)(ZG) is an upper bound on the absolute maximal difference
between the cumulative distribution functions (CDFs) at any
point of Z and ZG.

C. Error as a Function of Bounded Parameters

Given an arbitrary nonnegative real number λ, and another
arbitrary real number θ, we consider the following two proper-
ties of a generic max operation.

1) Scaling property

max(λX, λY ) = λ ·max(X,Y ).

2) Shift-invariance property

max(X + θ, Y + θ) = max(X,Y ) + θ.

We consider Gaussians X ∼ N(µX , σ
2
X) and Y ∼

N(µY , σ
2
Y ), with correlation coefficient ρ. Without any

loss of generality, we assume σX ≥ σY . Application of
the above properties on max(X,Y ) (shifting by µX , and
subsequent scaling by σX ) results in the following:

max(X,Y ) = µX + σX ·max(X ′, Y ′) (11)

where

X ′ ∼ N
(
µX′ , σ2

X′
)
=
X − µX

σX
= N(0, 1)

Y ′ ∼ N
(
µY ′ , σ2

Y ′
)
=
Y − µX

σX
= N

(
µY − µX

σX
,
σ2

Y

σ2
X

)
.

ρ′ denotes the correlation coefficient between X ′ and Y ′.
Since σY ′ = σY /σX , and σX ≥ σY , it is evident that

0 ≤ σY ′ ≤ 1. (12)

Lemma 2: ρ′ = ρ.
Proof: The covariance (cov) of two Gaussians is inde-

pendent of their means and is directly proportional to their
standard deviations. Since σX′ = σX/σX and σY ′ = σY /σX ,
we have cov(X ′, Y ′) = cov(X,Y )/σ2

X . From definition, ρ =
cov(X,Y )/σXσY

ρ′ =
cov(X ′, Y ′)
σX′σY ′

=
cov(X,Y )

σX
2

1 · σY

σX

= ρ.

�
Based on the definitions in (1)–(4), we define the following:

a′ ∆=
(
σ2

X′ + σ2
Y ′ − 2ρ′σX′σY ′

)1/2
(13)

α′ ∆=
µX′ − µY ′

a′
. (14)

Lemma 3: α′ = α.
Proof: From (3) and (13), we have a′ = a/σX . Thus

α′ =
µX′ − µY ′

a′
=

−µY ′

a′
=

−µY −µX

σX

a
σX

= α.

�
We denote the error in approximating Z ′ ∆= max(X ′, Y ′)

with a Gaussian Z ′
G ∼ N(µZ′ , σ2

Z′) to be Ξ(Z′)(Z′
G) and prove

that it is exactly equal to the error Ξ(Z)(ZG) in approximating
Z = max(X,Y ) with Gaussian ZG ∼ N(µZ , σ

2
Z). The proof

of the following theorem is presented in Appendix I.
Theorem 1:

Ξ(Z′)(Z′
G) = Ξ(Z)(ZG). (15)

The approximation error in the max of any two Gaussians can
thus be estimated from the approximation error in the max
of the derived Gaussians, one of which is the unit normal
Gaussian. The error is therefore a function of µY ′ , σY ′ , and
ρ′(= ρ). Since α′(= α) is a function of µY ′ , the error can
be expressed as a function of α, σ′

Y , and ρ. It is known that
φ(α) ≈ 0 for |α| ≥ 4, Φ(α) ≈ 0 for α ≤ 4, and Φ(α) ≈ 1 for
α ≥ 4. Consequently, for |α| ≥ 4, max(X,Y ) almost identi-
cally resembles the dominating Gaussian [3]. The approxima-
tion error in this case is negligible. Thus, the region of interest
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Fig. 2. Ξ(Z′)(Z′
G) as a function of ρ and α (σY ′ = 0.5).

Fig. 3. Ξ(Z′)(Z′
G) as a function of σY ′ and ρ (α = 1.0).

for the parameters that affect the approximation error can be
bounded as

−4 ≤ α ≤ 4
0 ≤ σY ′ ≤ 1 from (12)

−1 ≤ ρ ≤ 1 from definition.

Experiments are performed to study the dependence of the
approximation error Ξ(Z′)(Z′

G) on the above parameters. It is
observed that Ξ(Z′)(Z′

G) decreases when either of the Gaussians
dominates the other, that is, |α| ≥ 3 and increases for Gaussians
that contribute almost equally to the max, that is, for α in
the neighborhood of 0. Ξ(Z′)(Z′

G) is found to increase with
decreasing σY ′ and is convex with respect to the correlation
coefficient. Figs. 2–4 show the surface plots of Ξ(Z′)(Z′

G) as
functions of α, σY ′ , and ρ. The presented plots reveal that while
the max of two Gaussians can be very well approximated with a
Gaussian in some cases, the approximation in other cases yields
large errors.

Zhang et al. [12] present plots of the skewness of the
maximum of two Gaussians for different Gaussian parameters.
Their plots are similar to ours in the sense that they depict
significant errors in approximating the max of two Gaussians
with a Gaussian, when the two original Gaussians have similar
means, but very different variances, and also when these two
Gaussians have similar means and variances but have large
negative correlation.

Fig. 4. Ξ(Z′)(Z′
G) as a function of σY ′ and α (ρ = 0.8).

D. LUT for Error Storage

The computations for the mean and variance of the max
of two Gaussians involve the evaluation of a definite integral
Φ(α) and an exponential φ(α). Numerical computations for
their accurate estimation are CPU expensive. We consider the
infinite Taylor series expansion [13] about a point k of Φ(α)

Φ(α) = Φ(k) + Φ(1)(k)(α− k) +
Φ(2)(k)

2!
(α− k)2

+ · · ·+ Φ(n)(k)
n!

(α− k)n + · · · . (16)

Φ(n)(k) and φ(n)(k) represent the nth derivatives of Φ(k)
and φ(k), respectively. We observe that the nth derivative of
Φ(α) [and φ(α)], for any n > 0 is a product of φ(α) and a
polynomial in α

Φ(1)(α) =φ(α)

Φ(2)(α) =φ(1)(α) = φ(α)(−α)
Φ(3)(α) =φ(2)(α) = φ(α)(α2 − 1)

Φ(4)(α) =φ(3)(α) = φ(α)(−α)(α2 − 3)

Φ(5)(α) =φ(4)(α) = φ(α)(α4 − 6α2 + 3)

...

Φ(n+1)(α) =φ(n)(α) = φ(α)Pn(α)

where Pn(α) is a polynomial of order n in α, ∀n ≥ 0. It
is observed that Pn(α) = (−1)n(2)−(n/2)Hn(α/

√
2), where

Hn denotes the Hermite polynomial [14], [15]. A closed form
expression for Φn+1(α) is now expressed as follows (Proof in
Appendix II):

Φ(n+1)(α) = φ(n)(α) = φ(α)(−1)nn!
n

2 �∑
i=0

(−1)iαn−2i

2ii!(n− 2i)!
.

(17)
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We use the above Taylor series expansion to compute Φ(α)
and φ(α) in the region |α| < 4. We propose to precompute
Φ(k) and φ(k) for multiple values of k ∈ [0, 4)1 and store the
values in two LUTs. Thereafter, Φ(α)(φ(α)) is computed by
a table lookup on the closest k in the vicinity of α to obtain
Φ(k)(φ(k)), followed by a finite Taylor series expansion about
k. For a uniformly sampled LUT with step-size p, it is observed
that a very high degree of accuracy can be obtained by expand-
ing a few (typically 3 to 4) terms of the Taylor series expansion.
We can obtain any desired accuracy in the computation of Φ(α)
and φ(α) by either decreasing p while keeping n constant or by
increasing n for a given p. A discussion on the Taylor series
expansion truncation-error bound [in (24)] and an application
is presented in Appendix III.

We extend this idea to using a LUT for storing quanti-
fied approximation errors next. Given that the approximation
error for any two Gaussians is a function of three bounded
parameters for all practical purposes, we accurately evaluate
approximation errors at discrete points in the bounded space
of these parameters. These evaluated errors are stored in a 3-D
finite LUT. Since time is not a constraint in construction of
the table, the LUT can be created with as much accuracy as
desired. The error estimation for a given point is evaluated from
(8)–(10). Approximation error estimation for a max operation
is now performed very efficiently by a simple transformation
to evaluate σ′

Y = σY /σX and a subsequent table lookup based
on σ′

Y , α, and ρ. Our motivation toward constructing this LUT
is that we could employ this constant time approximation error
estimation for smarter pairwise max operations while evaluat-
ing the max of multiple Gaussians. We discuss further details in
Section V.

IV. ERROR MINIMIZATION PROBLEM

We consider the max operation on n given Gaussian random
variables X1,X2, . . . , Xn, such that

XM
∆= max(X1,X2, . . . , Xn).

Pairwise max operations are performed on the given Gaussians
to yield a Gaussian XG ∼ N(µXG , σ

2
XG

), which is used to
approximate XM . The loss in accuracy of the final result is
dependent on the ordering of the pairwise max operations.
This is because the introduced inaccuracy for each pairwise
max operation is a function of the Gaussian parameters of the
pair themselves and can accumulate or get reduced. The max
operation on n Gaussians is analogous to the construction of a
binary tree with n leaves such that each internal node computes
the max of its two children. We refer to this tree as a Max Binary
Tree (MBT) in the rest of this paper.

Given n Gaussians, the max (XM ) of which we want to
estimate and approximate with XG, the Error minimization
problem is to create an MBT that yields some XG at its root
such that ΞXM XG is minimized.

According to Knuth [16], the total number of different
labeled oriented binary trees with n leaves is

(
2n−1
n−1

)
(2n−

1It is known that Φ(−k) = 1 − Φ(k) and φ(−k) = φ(k).

Fig. 5. Algorithm for simple MBT construction.

2)!/2n−1. In an MBT, only the leaves are labeled. Therefore,
the total number of different MBTs is

(
2n−1
n−1

)
(2n− 2)!

2n−1(n− 1)!
> (2n− 1)n−1.

An exhaustive enumeration is thus prohibitive in solving this
problem. Consequently, we consider good MBT construction
approaches for error reduction.

V. INTELLIGENT MBT CONSTRUCTION APPROACHES

In this section, we present novel approaches for constructing
good MBTs based on the study in the previous sections. We
assume that a max operation and other fundamental operations
on Gaussian random variables take Θ(1) time in complexity
analysis. Pseudocodes of all approaches are presented. We
assume that the input to each MBT construction approach is
a queue (or set) of n Gaussians, and the output is a Gaussian
XG, denoting their maximum.

A. Simple MBT

This approach constructs the MBT as a skewed binary tree.
A max is performed on two of the n given Gaussians to yield
a new approximated Gaussian. Another max operation follows,
which evaluates the max of the previously evaluated maximum
and one of the remaining (n− 1) given Gaussians. This process
is repeated (n− 1) times to obtain the max of the n given
Gaussians. The complexity of this approach is Θ(n), and its
pseudocode is presented in Fig. 5.

B. Partition MBT

The partition MBT approach reduces the depth of the approx-
imation errors accumulated in (n− 1) stages of the previous
approach to log n, by constructing a balanced binary tree. The
given set of Gaussians is randomly partitioned into two subsets.
The subsets are then further bipartitioned, and the process is
done recursively, until each subset contains no more than two
Gaussians. A max operation is then performed on the Gaussians
in each subset. The results are now propagated backward to
evaluate the max of these values bottom up, until we reach
the root of the MBT. Fig. 6 presents the pseudocode of a Θ(n)
complexity algorithm that constructs a partition MBT.
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Fig. 6. Algorithm for partition MBT construction.

C. Sort MBT

This approach initially sorts the given set of Gaussians in a
nondecreasing order of their mean values. A simple MBT con-
struction approach is next employed on the sorted list to evalu-
ate the max. The complexity of this approach is Θ(n(log n)).

D. Greedy MBT

This MBT construction approach involves a greedy heuristic
to reduce approximation errors. Based on the study in the pre-
vious sections, the greedy MBT approach iteratively computes
the max of two Gaussians from the given set such that the
approximation error for that pair is the least in comparison to all
other pairs. The computed max is then returned to the original
set, and the process continues for (n− 1) similar iterations. The
method is analogous to a graph reduction problem. We consider
a fully connected graph with n nodes, each representing a
given Gaussian. Edges of the graph contain weights that denote
the approximation error in the max operation of the pair of
nodes it joins. Adjacent nodes of the edge with the least weight
are combined using a max operation into a single new node,
and edge weights are incrementally recomputed. This process
is repeated (n− 1) times. The graph now contains only a
single node that denotes the approximated max of the n given
Gaussians. An error LUT facilitates edge weight computations
in constant time. We present the pseudocode of an efficient
implementation of the greedy MBT construction approach in
Fig. 7, which employs the heap data-structure [17], and has a
complexity of Θ(n2 log n). The greedy MBT approach reduces
given identical Gaussians (those having same means, variances
and ρ = 1) to a single one.

The error in approximation of the max of adjacent nodes of a
given edge can also be evaluated analytically from higher order
moments of the max (in a way similar to that proposed in [18]).
An alternate metric for any edge weight could be the skewness
of the max of its adjacent nodes.

E. Cluster MBT

The cluster MBT is constructed as a combination of the
partition MBT and the greedy MBT approaches. Following a
greedy strategy, a max operation is performed on that Gaussian
pair whose error table lookup yields the minimal approximation

Fig. 7. Algorithm for greedy MBT construction.

error among all other pairs. However, the computed max is not
sent back to the set of the given Gaussians as in the previous
approach. A new pair is selected from the original set for the
max operation iteratively in a similar manner, until, no more
than one Gaussian is left. The remaining Gaussian (if any) is
added to the set of the computed max variables. We denote
this process of reducing a set of n Gaussians to a set of �n/2�
Gaussians as a REDUCE step.

The process restarts with the computed max distributions
as the given set of Gaussians henceforth and continues un-
til convergence. This approach ensures that the constructed
MBT is balanced and tries to reduce accumulation of ap-
proximation errors by constraining the maximum depth of
the tree to (log n). The cluster MBT construction approach
reduces identical Gaussians to fewer ones, but is guaranteed
to reduce them to one only when the number of identical
Gaussians is 2k for some positive integral value of k. A
pseudocode of a cluster MBT construction implementation is
presented in Fig. 8. The step 2 of the REDUCE operation
shown involves sorting and can be done in O(n2 log n2) or
O(n2 log n) time. Since the sorting is done on the edges
of the fully connected n node tree, the complexity ex-
pression involves the n2 term instead of n. Multiple calls
to REDUCE add up as: (n2 log n2) + ((n/2)2 log(n/2)2) +
((n/4)2 log(n/4)2) . . . which is ≤ 2(n2 log n2). The complex-
ity of the shown implementation is therefore O(n2 log n).

VI. EXPERIMENTAL RESULTS

We present experimental results of the proposed MBT con-
struction approaches in this section. A LUT is constructed
to store approximation errors as presented in Section III-D.
Experimental results presented are for a LUT having 2× 106

entries (100× 100× 200 for σY ′ , ρ, and α, respectively). The
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Fig. 8. Algorithm for cluster MBT construction.

simulations to generate the LUT take 4 h on a Pentium 2.4-GHz
machine, with 1-GB RAM. The greedy and the cluster MBT
approaches use this LUT to pick Gaussian pairs.

The max operation is considered on randomly generated sets
of 3 to 100 Gaussians. For each set, we compare the distribution
of the max obtained from different MBT construction ap-
proaches with the distribution obtained from 105 Monte Carlo
(MC) simulations, which we assume golden. The mean value of
each Gaussian is randomly selected within a range of [1.0, 3.0].
The standard deviation of each Gaussian is constrained within
20% of its mean value and is set to about 8% of the mean value
on the average. Correlation coefficients between Gaussian pairs
are set randomly within the range of [−1.0, 1.0].

In statistical timing, we are primarily concerned about the
estimation accuracy of specific probability points in any dis-
tribution. We define a probability point VPr=p for a random
variable X as

VPr=p
∆= x : (Pr(X ≤ x) = p) , p ∈ [0, 1].

We next define the error in estimation of any probability point
V A

Pr=p employing MBT construction approach A (could be any
of the MBT construction approaches from Section V) using
results obtained from MC simulations for reference as

EA ∆=

∣∣V A
Pr=p − V MC

Pr=p

∣∣
V MC

Pr=p

× 100. (18)

To quantify the improvements in estimation accuracy of
a given probability point VPr=p obtained by different MBT

construction approaches over the traditional simple MBT ap-
proach, we define the gain (∆A) for any MBT construction
approach A as

∆A ∆= ESimple − EA. (19)

∆A denotes the value by which the MBT construction ap-
proach A reduces the error ESimple for a given VPr=p. Table I
presents error and accuracy gain values for the probability point
p = 0.5 (the median of the max distribution) while evaluating
the max of different sets of Gaussians. Since we approximate
the max with a Gaussian, we loosely refer to the p = 0.5
point as the point for error estimation in the mean. For each
set, we present the number of Gaussians in that set (N), the
average and maximal error in mean estimation of the max
using the simple MBT construction approach (ESimple

Avg and

ESimple
Max , respectively) over 1000 runs on randomly generated

data sets within bounds mentioned earlier, and the average
and maximal gains obtained from various MBT construction
approaches (∆Avg and ∆Max, respectively). As an example,
for the set of nine Gaussians, we observe from Table I that
the simple MBT construction approach yields an average and
a maximal absolute error of 0.208% and 1.941% in mean
estimation, respectively. We further observe that the partition
MBT construction approach reduces this error (or improves the
accuracy) on the average by 0.028%, which implies that the av-
erage error in mean estimation for the partition MBT approach
is 0.208%− 0.028% = 0.18%. We also observe that in the
best case, the greedy MBT construction approach reduces the
maximal error in simple MBT mean estimation by ∆Greedy

Max =
1.712%. This implies that in at least one case where the error
in the simple MBT approach or ESimple

Max ∈ [1.712, 1.941]%,
the error in the greedy MBT construction approach on that
same set is reduced to the range of [(1.712− 1.712), (1.914−
1.712)]% = [0, 0.202]%.

Tables II and III present similar results for the probability
points p = 0.95 and p = 0.998, respectively. From these tables,
we observe that the average error in estimation of the above
probability points using the simple MBT approach is ≤ 2% and
usually ≤ 1%. It is thus natural that improvements obtained
by the other MBT approaches on the average are ≤ 0.7%
and usually ≤ 0.4%. The partition MBT approach seems to
yield negligible accuracy gains on the average. The sort MBT
approach is found to increase average estimation errors in
some cases (especially for p = 0.95 and p = 0.998). We expect
better results when the sum of the mean and thrice the sigma
are used as the metric for sorting in the sort MBT approach
instead of sorting by the mean only. Both the cluster and
greedy MBT approaches yield relatively significant accuracy
gains. From the extreme cases, we observe that ESimple

Max ≤
6.914% (N = 12, p = 0.998). In such situations, the proposed
MBT approaches seem to be very effective in reducing the high
errors; a best case reduction by 6.832% is observed, which is a
very significant gain.

Table IV presents similar error and accuracy gain results for
standard deviation estimation. Average and maximal errors in
standard deviation estimation using the simple MBT approach
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TABLE I
PERCENTAGE ERROR AND ACCURACY GAIN RESULTS IN VPr=0.5(Mean)

TABLE II
PERCENTAGE ERROR AND ACCURACY GAIN RESULTS IN VPr=0.95

TABLE III
PERCENTAGE ERROR AND ACCURACY GAIN RESULTS IN VPr=0.998

TABLE IV
PERCENTAGE ERROR AND ACCURACY GAIN RESULTS IN STANDARD DEVIATION ESTIMATION

are observed to be ≤ 5.307% and ≤ 26.55%, respectively. The
greedy MBT approach performs the best overall, with average
and best case improvements of ≤ 1.545% and ≤ 26.03%,
respectively. Note that the comparatively cheap (in terms of
run time) sort MBT approach is very effective toward error
reduction in this case.

Run times are comparable for sets having up to 30 Gaussians.
For the max of 50 Gaussians, run times for the simple, partition,
sort, cluster, and greedy MBT approaches are found to be

0.00005, 0.00019, 0.00003, 0.002, and 0.016 s, respectively.
Based on the above results, we conclude that the cluster and the
greedy MBT approaches are effective in accurately evaluating
the max of multiple Gaussians, and gains obtained are likely
worth the performance tradeoff. Further, we demonstrate that
the sort MBT construction approach is not always a better
choice than the traditional simple MBT approach. In [19], we
have shown that smart pairwise max operations yield accuracy
gains in statistical timing analysis as well. All experiments are
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performed on a Pentium 2.4-GHz 1-GB RAM machine, running
Red Hat Linux 9.0.

VII. CONCLUSION

In this paper, we quantify the error in approximating the max
of two Gaussians with another Gaussian. Based on these error
computations, we propose approaches to smart orderings for
pairwise max operations while evaluating the max of multiple
Gaussians for improved accuracy, with application to statistical
timing.

Prior research [20] has shown that the average errors in
estimating the mean and standard deviation of a circuit’s arrival
time distribution in comparison to MC simulations are ≈1.8%
and 13.7%, respectively. Similar numbers are presented in [8],
which also reports average errors of ≈4.56% for VPr=0.99 point
estimation. The proposed approaches in this paper improve the
accuracy in estimation of the critical probability points, as well
as that of the variance, for the max of multiple Gaussians.
Further, we employ smart orderings for pairwise max opera-
tions in [19], and observe accuracy gains in statistical timing
analysis.

The proposed approach is amenable to being applied at one,
multiple, or all levels of logic depth in timing analysis. When
applied to just one level, no modifications to existing timing
data-structures are required. Here, we perform a smart max of
multiple Gaussians that denote timing information on the fan-
ins of some gate, and then propagate the approximated result.
Depending on the quantified error in intermediate stages, we
could choose to propagate multiple Gaussians through a gate,
if the error is above a certain threshold. This approach re-
quires changes in the data-structures to accommodate multiple
Gaussians as timing information on any circuit node. If we
propagate all Gaussians, the approach falls back to path-based
timing analysis. Smart pairwise max operations on a larger
set of Gaussians improves the scope of accuracy gain. Conse-
quently, we do not restrict this approach to just one level during
timing analysis.

We believe that the proposed approaches would increase the
accuracy in the estimation of node and edge criticalities [3],
and would thereby guide statistical timing optimization better.
In addition, expressions for the CDF and pdf of the true max of
two Gaussians would help in accurate yield estimation, when
considering both timing and power [20].

Finally, we do not advocate that the approximation error in
a max operation is the only source of error in statistical timing
analysis. We acknowledge that the inherent nonlinearity of a
max operation could cause large errors, which our approach
may not be able to reduce (for example, the error in the
max of two Gaussians with similar means but having largely
varying variance). In addition, inaccuracies in statistical delay
modeling, and ignorance of spatial or fan-out-reconvergence
correlations contribute to significant errors.

APPENDIX I

We consider approximating Z with a Gaussian ZG ∼
N(µZ , σ

2
Z) and approximating Z ′ ∆= max(X ′, Y ′) with a

Gaussian Z ′
G ∼ N(µZ′ , σ2

Z′). ϕZ(t) and ϕZG(t) denote pdfs
as defined earlier, and ϕZ′(t) and ϕZ′

G
(t) denote the pdfs

of Z ′ and Z ′
G, respectively. From (9) and (10), we have the

following:

ϕZ′
G
(t) ∆=

1√
2πσZ′

e
−(t−µ

Z′ )2
2σ

Z′2 (20)

ϕZ′(t) ∆=
1
σY ′

φ

(
t− µY ′

σY ′

)
Φ


 t− ρ

(
t−µY ′
σY ′

)
(1− ρ2)1/2




+ φ(t)Φ




(
t−µY ′
σY ′

)
− ρt

(1− ρ2)1/2


 . (21)

Lemma 4: µZ = µX + σXµZ′ and σZ = σXσZ′ .
Proof: The results are trivially derived from (5) and (6).

�
Lemma 5: ϕZG(t) = (1/σX)ϕZ′

G
(t− µX/σX).

Proof: The result is immediate from a simple substitution
in (21) and from Lemma 4. �

Lemma 6: ϕZ(t) = (1/σX)ϕZ′((t− µX)/σX).
Proof: The result is immediate from a simple substitution

in (21) which yields (10). �
We next prove Theorem 1, that is, the error in approximating

Z withZG is the same as the error in approximatingZ withZ ′
G.

From our error definition in (8), and from the results obtained
above, we have the following:

Ξ(Z′)(Z′
G)

=

∞∫
−∞

∣∣∣ϕZ′(t)− ϕZ′
G
(t)

∣∣∣ dt

=

∞∫
−∞

∣∣∣∣ϕZ′

(
t− µX

σX

)
− ϕZ′

G

(
t− µX

σX

)∣∣∣∣ d
(
t− µX

σX

)

= σX

∞∫
−∞

|ϕZ(t)− ϕZG(t)| d
(
t− µX

σX

)

= σX

∞∫
−∞

|ϕZ(t)− ϕZG(t)| dt
1
σX

= Ξ(Z)(ZG).

APPENDIX II

We prove the following using mathematical induction.
Let

Pn(α)
∆= (−1)nn!

n
2 �∑

i=0

(−1)iαn−2i

2ii!(n− 2i)!

then

Φ(n+1)(α) = φ(n)(α) = φ(α)Pn(α).
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Proof: The above can be trivially verified for n = 0. We
assume that (22) is true for a given n = m and compute the
coefficient of αm+1−2i in φ(m+1)(α)/φ(α)

φ(m)(α) = (−1)mφ(α)m!
m

2 �∑
i=0

(−1)iαm−2i

2ii!(m− 2i)!

= (−1)mφ(α)m!

×
[
αn

n!
+ · · ·+ (−1)i−1αm−2i+2

2i−1(i− 1)!(m− 2i+ 2)!

+
(−1)iαm−2i

2ii!(m− 2i)!
. . .

]

φ(m+1)(α) =
d

dα
φ(m)(α)

= (−1)mφ(α)m!

×
[

αn−1

(n− 1)!
+ · · ·+ (−1)i−1αm−2i+1

2i−1(i− 1)!(m− 2i+ 1)!

+
(−1)iαm−2i−1

2ii!(m− 2i− 1)!
. . .

]

+ (−1)m+1φ(α)m!

×
[
αn+1

n!
+ · · ·+ (−1)i−1αm−2i+3

2i−1(i− 1)!(m− 2i+ 2)!

+
(−1)iαm−2i+1

2ii!(m− 2i)!
. . .

]
.

The coefficient of αm+1−2i in φ(m+1)(α)/φ(α) is found to be

(−1)mm!
[

(−1)i−1

2i−1(i− 1)!(m− 2i+ 1)!

]

+ (−1)m+1m!
[

(−1)i

2ii!(m− 2i)!

]

= (−1)m+1(m+ 1)!
(−1)i

2ii!(m− 2i+ 1)!

and is identical to the coefficient of αm+1−2i in Pm+1(α). �

APPENDIX III

Statistical timing analysis is often used to guide timing
optimization [19], [21]–[24]. Guthaus et al. [25] propose a
gate-sizing algorithm to optimize circuit area while satisfying
a given timing yield target. They employ a sensitivity met-
ric based on slack distributions to select gates for resizing.
Their sensitivity metric is computed from the node and edge
criticalities [3] of the circuit. An approach to compute node
and edge sensitivities considering correlations is proposed by
Li et al. in [26]. Criticality (sensitivity) computations in both
the approaches involve evaluating tightness probabilities or
Φ(α). We therefore realize that accurate computations of tight-
ness probabilities are critical to statistical timing analysis and
subsequently to statistical timing optimization. At the same
time, it is important that these computations be efficient. Ide-

ally, it is desirable to have an option of dynamically choosing
a runtime-accuracy tradeoff point during any such computation
in a timing optimization tool.

A well-defined closed form of φ(n)(α) from (17) facili-
tates the computation of Φ(α) and φ(α) using the Taylor
series expansion about any point. For practical evaluation, the
infinite series is truncated to a finite one. The sum of the
terms lost is called the Lagrange remainder or the residual.
When the first n+ 1 terms are retained in (16), (that is,
terms (Φ(n+1)(k)/(n+ 1)!)(α− k)n+1 + · · · are truncated),
the Lagrange remainder Rn is expressed as the following
(from [13]):

Rn
∆=

α∫
k

· · ·
α∫

k︸ ︷︷ ︸
n+1

Φ(n+1)(α)(dα)n+1

=

α∫
k

Φ(n+1)(t)
(α− t)n

n!
dt

=
(α− k)n+1

(n+ 1)!
Φ(n+1)(α∗) (22)

for some α∗ ∈ [k, α] (using the mean-value theorem). Rn is
used as an accuracy estimate in the computation of Φ(α) (and
φ(α)). We next present the following bound.

Lemma 7:∣∣∣Φ(2n+1)(α)
∣∣∣ ≤ (2n)!√

2π2n
∀α ∈ (−∞,∞).

The derivative of Φ(2n+1)(α) is a multiple of α for any non-
negative n. It is observed that the local extremal at α = 0
corresponds to the global maximal of |Φ(2n+1)(α)|. Fig. 9 plots
Φ(2n+1)(α) against α for n = {0, 1, 2, 3}. The above bound is
obtained by setting α = 0 in (22). From this result and (22), we
have the following:

|R2n| ≤ (|α− k|)2n+1

√
2π2n(2n+ 1)

. (23)

The given bound is a good bound for any α in the neighbor-
hood of 0. We observe that the bound can be severely tightened
in the given region by choosing a k very close to α, such that

|α− k| � 1.

This makes the residual decrease exponentially with n. For
practical purposes, we make the following assumptions:

Φ(α) ≈ 0 ∀α ≤ −7

Φ(α) ≈ 1 ∀α ≥ 7

φ(α) ≈ 0 ∀|α| ≤ 7.

It is known that (0.5− |0.5− Φ(α)|) and φ(α) are monoton-
ically decreasing functions of α. Consequently, the approxima-
tion errors in the above assumptions for any |α| > 7 must be
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Fig. 9. Plots of Φ(2n+1)(α) against α for different values of n, showing global extremal at α = 0.

TABLE V
MAX RESIDUALS Rn IN Φ(α) FOR VARIOUS LUT STEP-SIZES (p = 7.0/#Entries)

less than the approximation errors at α = 7, which is less than
10−11. Based on the desired level of accuracy, the boundary
(here 7) can be increased or decreased.

For a uniformly sampled LUT with step-size p, an upper
bound on the loss of accuracy in the computation of Φ(α) with
2n+ 1 terms in the Taylor series expansion is given by the
following:

|R2n| ≤
(p
2 )

2n+1

√
2π2n(2n+ 1)

. (24)

Table V presents an upper bound on the maximal residual for
various number of LUT entries and number of finite Taylor
series expansion terms (n+ 1). The choice of n in the Taylor
expansion can be made dynamically based on the desired accu-
racy for a given LUT step-size. The table indicates that a very
high level of accuracy can be reached with expanding extremely
few terms in the Taylor expansion. In addition, it shows that
obtaining a given accuracy result using naive table lookup
(n = 0) without Taylor series expansion requires a much larger
table size. For example, it takes ≈1.7× 109 entries to compute
Φ(α) with the same accuracy as with a table having 700 entries
and a Taylor series expansion with only three terms.

Although we propose to perform Taylor expansion for the
interval |α| < 7, the expansion can theoretically be performed
for any α outside the interval to obtain results with higher preci-
sion. However, for practical purposes, the approximation error
at the boundary points is used as an accuracy estimate, and the
table size is determined accordingly. This method of computing
Φ(α) and φ(α) facilitates dynamic runtime-accuracy tradeoff
options.

We implement this technique for estimating Φ(α) and φ(α)
while evaluating the max of two Gaussians. We study average
run times of these computations for over 106 random max
operations. For fair comparison, we compute the average run
time for the same set of max operations in a different imple-
mentation which uses the erf() and exp() functions from the
standard UNIX math library to compute the definite integral
Φ(α) and the exponential φ(α). We do not consider the time
to create the LUTs in our comparison because they need to be
computed only once. Run time comparisons demonstrate that
our proposed method is faster by 8.2 times in computing Φ(α)
and φ(α) on the average.

Table VI presents speedup results obtained in evaluating the
max of two Gaussians for a different number of independent
global sources of variations (N) in addition to a local inde-
pendent component (similar to [3]). The run time ratio of the
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TABLE VI
SPEEDUP RESULTS WHILE EVALUATING THE MAX OF TWO GAUSSIANS

approach employing calls to erf() and exp() to the proposed
approach (speedup) is found to decrease from 3.2 for N = 1
to 1.86 for N = 12. This is expected as overheads for other
computations gradually overshadow the 8.2× speedup in the
computation of Φ(α) and φ(α). To ensure the same level of
accuracy, the implementation is performed for 3500 entries in
the LUTs and Taylor expansion of three terms (accuracy ≥
6.65× 10−11). A naive LUT would require ≈2× 1010 entries
for the same accuracy.

Although the effective speedup of this technique for a single
statistical timing analysis run may not seem lucrative enough,
performance gains have been observed (in an industrial frame-
work) when this approach is employed in statistical timing
driven circuit optimization by gate sizing.
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