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Abstract—As technology scales to smaller dimensions, increas-
ing process variations and coupling induced delay variations
make timing verification extremely challenging. In this paper, the
authors establish a theoretical framework for statistical timing
analysis with coupling. They prove the convergence of their pro-
posed iterative approach and discuss implementation issues under
the assumption of a Gaussian distribution for the parameters of
variation. A statistical timer based on their proposed approach is
developed and experimental results are presented for the Inter-
national Symposium on Circuits and Systems benchmarks. They
juxtapose their timer with a single pass, noniterative statistical
timer that does not consider the mutual dependence of coupling
with timing, and another statistical timer that handles coupling
deterministically. Monte Carlo simulations reveal a distinct gain
(up to 24%) in accuracy by their approach in comparison to the
others mentioned.

Index Terms—Coupling, fixpoint computation, statistical timing
analysis, variability, very large scale integration (VLSI).

I. INTRODUCTION

VARIABILITY in modern deep submicrometer very-large-
scale-integration circuits has not scaled down in propor-

tion to the scaling down of their feature sizes. Manufacturing
process variations (e.g., VT ,Le), environmental variations (e.g.,
Vdd, temperature), and device fatigue phenomenon contribute to
uncertainties. These sources of variation are called parameters
and the range in which they can collectively vary is called
the parameter space. Uncertainty due to parametric variations
deeply impacts the timing characteristics of a circuit and makes
timing verification extremely difficult. This necessitates the
consideration of the parametric variations in timing analysis
for accurate timing estimation. Statistical timing analysis has
thus emerged in an attempt to capture the statistical behavior of
circuit delays under parametric variations.

With the progress of deep submicrometer technologies,
shrinking geometries have led to a reduction in the self-
capacitance of wires. Meanwhile, coupling-capacitances have
increased as wires have a larger aspect ratio and are brought
closer together. For 90-nm technologies, the ratio of an inter-
connect’s parasitic coupling capacitance to its parasitic ground
capacitance is nearly 5.5 (85% of the total parasitic capaci-
tance) [2]. This signifies the increased dominance of coupling
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capacitances with technology scaling. Trends indicate that the
role of coupling-capacitances will be even more dominant in the
future as feature-sizes shrink [3]. Simultaneous switchings on
coupled nets in a circuit affect the delay on each net and cause
delay variations in the circuit. The delay variations are often
significant (up to 40% stage delay error [4]) and should not be
ignored. In addition, the mutual dependence of coupling effects
and timing make timing analysis a chicken-and-egg problem.
A coupling between two wires that lie in the fan-in and fan-out
cone, respectively, of a logic gate causes timing dependencies
that necessitates iterations during timing analysis. A situation of
coupling is initially assumed (often the worst case situation) and
the computed timing information is used to modify the coupling
situation. This procedure is repeated until convergence.

The gate delay for multiple-input CMOS gates often depends
on the number of inputs switching at the same time. For exam-
ple, turning on two transistors in parallel is faster than using
only one as the path resistance is lower. The assumption of only
single input switchings for timing analysis and consequently
ignoring the effect of multiple-input switchings (MISs) can
result in significant errors (up to 20% stage delay error [5]).
Although the probability of several MISs adding up along a
path in a circuit is small, delay variations due to the temporal
proximity of switching inputs should be considered in accurate
timing analysis.

The increasing significance of the mentioned factors on
timing accuracy motivates considering them in a unified timing
analysis framework. Approaches to statistical timing analysis
have gained wide acceptance recently [6]–[9]. Statistical timers
treat delays as correlated random variables and propagate their
distributions through the circuit. These approaches, however,
do not discuss coupling induced delay variations or effects due
to MIS. On the other hand, the majority of prevalent timing
analysis approaches that consider coupling treat delays as de-
terministic values and do not discuss the impact of variability
[10]–[15]. A statistical timing analysis algorithm that accounts
for correlations and accommodates dominant interconnect cou-
pling is proposed by Le et al. in [16]. While considering
coupling in their proposed approach, they estimate switching
window overlaps deterministically, based on worst case values.
Our experiments conclude that such an approach is pessimistic
and over estimates the switching windows at the outputs. A
gate delay model that accounts for the effects of temporal
proximity and input transitions is proposed in [17]. Another sta-
tistical gate delay model that considers MIS is proposed in [5].
Dartu et al. [18] present results on the significance of the men-
tioned effects on timing accuracy and recommend increased
focus on consideration of these effects in timing analysis for
modern circuits.
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In this paper, we establish a theoretical framework for sta-
tistical timing analysis with coupling. Our contributions are
summarized as follows.

1) We describe the generic problem of timing analysis under
uncertainty from the parameters of variation and delay
variations due to coupling. We compare and contrast
the uncertainty introduced by each of these effects (due
to variability and ignorance of functional information,
respectively) and propose considering them in a unified
framework.

2) We introduce the concept of statistical switching win-
dows, which is a novel extension to the idea of switching
windows in deterministic static timing analysis.

3) We propose an iterative approach for statistical timing
analysis with coupling as a fixpoint computation on a
lattice and establish its convergence.

4) We present a probabilistic view of the overlap between
two statistical switching windows. Using a generic cou-
pling model, we discuss the computation of a coupling
induced delay pushout as a random variable.

5) We consider the implications of the assumption of
Gaussian distributions for the parameters of variation in
statistical timing analysis with coupling. The concept
of a Gaussian switching window is described and we
present the computation of a delay pushout under the
given assumption.

6) We compare and contrast the effect of MIS with coupling.
Using a simple MIS model as an example, we illustrate
that our framework is amenable to incorporating that
effect in a unified way.

We develop a statistical timer that considers coupling based
on our proposed approach and present results obtained for the
International Symposium on Circuits and Systems (ISCAS’85)
benchmarks [19]. We additionally develop the following two
timers for comparison:

1) single pass statistical timer based on [9], which does not
consider the mutual dependence of coupling and timing;

2) iterative statistical timer that considers coupling deter-
ministically, based on [16].

Monte Carlo simulations reveal a distinct gain in accuracy
(up to 24%) of our approach in comparison to the others.

The rest of this paper is organized as follows. Section II
describes statistical timing analysis with coupling as a fixpoint
computation problem on a lattice. Section III presents the
generalized computation of coupling induced delay pushouts as
random variables. We discuss the implications of the assump-
tion of Gaussian distributions for the parameters of variation
and simplify the computation of the delay pushout under the
given assumption in Section IV. We show that the effects of
MIS are amenable to our framework in Section V, and present
experimental results and comparisons to other approaches in
Section VI. Conclusions are drawn in Section VII.

II. STATISTICAL TIMING AS FIXPOINTS

We consider a combinational circuit and select a set of inter-
connect wires where timing information needs to be computed.

This set includes the primary inputs, the primary outputs, and
the inputs and outputs of all gates in the circuit. In statistical
timing, we use random variables with known distributions to
denote timing information. Depending on the purpose of timing
analysis, the timing information could be a delay, a slew, a
switching window, or a combination of them. Symbolically, we
use a variable xi to denote the timing information on a wire i.
Furthermore, we useX to represent the vector (x1, x2, . . . , xn),
that is the timing information of the whole circuit.

Depending on the actual delay model, the timing informa-
tion on a wire i depends only on a subset of other wires
i1, i2, . . . , ik. These wires may include all inputs of the gate
fanning out to i, and the wires coupled to i. This implies that xi

can be computed as

xi = ti(xi1 , xi2 , . . . , xik
)

where the function ti is decided by the physical configuration
of the circuit and the delay model used. Such a function
for computing the timing information on a wire is called a
local timing transformation. Putting all local transformations
together, we get a global timing transformation T for the entire
circuit, which can be written as

X = T (X). (1)

A solution of timing analysis must be an X satisfying (1).
Such a solution is also called a fixpoint of T . This formulation
is amenable to timing analysis considering variability, coupling,
and MIS. Coupling causes mutual dependence of the timing
information on coupled wires and may create cyclic dependen-
cies during timing analysis. For a complex transformation T , an
iterative method is perhaps the only possible way to find its fix-
point. First, an initial solutionX0 is guessed, then new solutions
are iteratively computed from previous solutions X1 = T (X0),
X2 = T (X1) = T 2(X0), . . . until we find a fixpoint, that is,
Xm = Tm(X0) such that T (Xm) = Xm.

A. Statistical Timing With Coupling

Considering functional information in timing analysis in-
volves enumerating all input vectors which is exponential in
computational complexity. As a result, static timing analysis
does not use functional information of a circuit. Such a treat-
ment makes timing information on each wire to be a set of pos-
sible signal switchings, instead of a single signal switching. The
set is represented by a switching window and a set of slew rates
such that any signal switching falling in the window and having
a slew in the range is in the set. The switching window xi on
a wire i denotes an interval [xl

i, x
u
i ], such that any actual signal

switching x∗i lies in the interval. Thus

{
x∗i : xl

i ≤ x∗i ≤ xu
i

}
denotes the set of all possible signal switchings. The switching
window representation is a worst case representation as it only
gives bounds (best and worst case) on the elements of the set. It
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does not provide any information on the distribution of signal
switchings within the window.

Statistical timing analysis considers the uncertainty in circuit
component delays due to parametric variations. Assumptions
on the distribution of the parameters of variation and on the
delay model as a function of these parameters provide a known
distribution of signal switchings on every wire in the circuit.

Statistical timing with coupling involves uncertainties from
both variability and ignorance of functional information.
Although both uncertainties prohibit the solution to timing
analysis on a wire from being a single signal switching, we do
not treat them in the same way. This is because we have infor-
mation about the delay distribution due to uncertainty from var-
iability, but not so for uncertainty due to ignorance of functional
information. Consequently, we cannot obtain the solution to
statistical timing analysis with coupling as a known distribution
of signal switchings on each wire of the circuit.

The solution to statistical timing analysis on any wire i is a
distribution obtained from a statistical sampling of the timing
information on i at various corners in the parameter space. For
any corner in the parameter space, that is, a given assignment
of parametric values, the timing information on i is in the form
of a switching window. Consequently, the solution to statistical
timing analysis with coupling is a distribution of switching
windows on each wire of the circuit. This view of the solution
is obtained by first considering the uncertainty from igno-
rance of functional information, and then the uncertainty from
variability.

Each window in the above view of the solution is denoted by
a best and a worst case value. Consequently, the distribution
of the windows contains the distributions of these best and
worst case values. The two distributions thus obtained are repre-
sented as the distributions of two correlated random variables.
The window formed using these random variables as the best
and worst case value, respectively, contains all possible signal
switching distributions in the solution. This transformation of
the original view of the solution gives an alternate view of the
solution to statistical timing analysis with coupling as a window
of signal switching distributions.

The latter view of the solution is also obtained by considering
the uncertainty from variability first. Temporarily assuming that
functional information and input configuration of each gate
is known, statistical timing analysis on a wire i computes a
distribution of a single signal switching. However, functional
information and input configuration is not considered in reality.
The timing information on i is therefore a set of signal switch-
ing distributions, which is represented by a window of signal
switching distributions.

B. Statistical Switching Windows

Each view of the solution to statistical timing analysis con-
tains the exact same information. We consider the solution
as a window of signal switching distributions, since it allows
us to leverage the theoretical foundations of timing analysis
with coupling as a fixpoint computation developed in [15]. We
cannot use traditional switching windows in our formulation as
they represent a set of deterministic quantities, while our set

Fig. 1. (a) Statistical switching window for a set of distributions. (b) Inclusion
relation between two switching windows.

consists of signal switchings as random variables with known
distributions.

We introduce a statistical switching window as a representa-
tion for a set of random variables. For any random variable x∗i in
the set, we consider providing a lower and an upper bound using
two correlated random variables xl

i and xu
i , respectively. We

call these two random variables the lower and upper bounding
random variable (or bounding RV) of the statistical switching
window xi. The bounding RVs are correlated since they are
functions of common parameters of variation. Mathematically,
the statistical switching window xi is defined as

xi =
[
xl

i, x
u
i

] �
=
{
x∗i : Pr

(
xl

i ≤ x∗i ≤ xu
i

)
= 1
}

(2)

where, Pr(k) denotes the probability of an event k. A statistical
switching window is illustrated graphically in Fig. 1(a). In this
figure, the distributions of various random variables are shown
to be bounded within the distributions of xl and xu. In the
rest of this paper, we consider the solution to statistical timing
analysis with coupling on a wire i as a statistical switching
window xi of signal switching distributions.

C. Structure of Fixpoints

An inclusion relation (⊆) between two statistical switching
windows xi and xj is formally defined as

xi ⊆ xj def
(
Pr
(
xl

j ≤ xl
i ≤ xu

i ≤ xu
j

)
= 1
)
. (3)

Fig. 1(b) illustrates the definition graphically. In the figure,
the statistical switching window xi is shown to be contained
within the statistical switching window xj , that is, the distribu-
tion of xl

i is upper bounded by that of xl
j , while the distribution

of xu
i is lower bounded by that of xu

j .
We consider the family of all sets of signal switching distri-

butions on a wire. The inclusion relation (⊆) forms a partial
order on the family as it satisfies the properties of reflexivity,
transitivity, and antisymmetry [15].

A set of signal switching distributions on a wire is actually
a subset of the whole set that consists of all possible signal-
switching distributions. The inclusion relationship between sta-
tistical switching windows is the inclusion relationship between
these subsets and thus forms a partial order. According to lattice
theory [20], a partially ordered set forms a complete lattice if



2968 IEEE TRANSACTIONS ON COMPUTER-AIDED DESIGN OF INTEGRATED CIRCUITS AND SYSTEMS, VOL. 25, NO. 12, DECEMBER 2006

any subset has a least upper bound and a greatest lower bound
of its members. The family of all subsets of a given set with
an inclusion relation forms a complete lattice. The proof is
provided in [15]. Timing information of a circuit is a vector of
timing information on all wires. The partial order on each wire
can be extended pointwise to get a partial order on vectors. We
say that two timing information vectors X = (x1, x2, . . . , xn)
and Y = (y1, y2, . . . , yn) satisfy X ⊆ Y if and only if xi ⊆ yi

for all 1 ≤ i ≤ n. It can be shown that the vectors with such
a partial order also form a complete lattice. We consider the
complete lattice structure since the existence of a fixpoint to (1)
under certain conditions in the lattice is guaranteed.

We now consider the transformation T (as defined in
Section II), which transforms a vector of sets of signal switch-
ing distributions to another vector of sets of signal switching
distributions. We say that T is a monotonic transformation
when, for any two vectors X and Y , if X ⊆ Y , then T (X) ⊆
T (Y ). The monotonicity of T is proved from the monotonicity
of its member (or local) timing transformations t1, t2, . . . , tn
(as defined in Section II). We do not restrict our approach to
any particular timing model. Theoretically, any timing model
must satisfy the monotonic property for each local timing
transformation. If a transformation ti is not monotonic, it im-
plies that some switching distributions on the wire i disappear
under the condition of the same or more possible switching
distributions on wires in its fan-in cone and those coupled to i.
Such a model is not theoretically sound as it contradicts with
the causality of physical effects. Under such a timing model,
iterations for timing analysis with coupling may not converge.
For such models, iterations are often started with an initial
worst case assumption of maximum possible coupling induced
delay variations. A finite number of iterations are performed
to reduce pessimism in the solution, but not until convergence.
However, for a theoretically correct timing model, the existence
of a fixpoint of the monotonic transformation T is guaranteed
by Knaster–Tarski theorem [20].

D. Searching for a Fixpoint

We use an iterative approach to compute the fixpoint of our
transformation. The assumed initial solution in the iterative
approach is critical to reaching the desired fixpoint. A random
initial solution may keep the iterations going on forever. Based
on the monotonicity of the timing transformation T , the top
and bottom elements of our lattice are good candidates for the
initial solution. In traditional lattice theory, ⊥ and � denote
the bottom and the top element of a lattice, respectively. In our
lattice, we have ⊥ = (∅, ∅, . . . , ∅) and � = (P1, P2, . . . , Pn),
where ∅ denotes an empty set while Pi is the set of all possible
signal switching distributions on wire i and can be computed by
assuming the effect of coupling everywhere. Since ⊥ ⊆ T (⊥),
based on the monotonicity of T , we have

⊥ ⊆ T (⊥) ⊆ T 2(⊥) ⊆ T 3(⊥) · · ·

which gives us an ascending chain of timing information
vectors. Similarly, a descending chain is obtained if we start

with �. We next consider the convergence of these chains to a
fixpoint.

E. Convergence to a Fixpoint

A discrete delay model has a finite number of statistical
switching windows on each wire ideally. For example, we
consider a simple coupling model that gives the worst case
additional coupling induced delay on a wire as either of two
random variables depending on whether the switching window
on that wire overlaps with that of a coupled wire or not. In this
case, the maximum possible number of delay random variables
for any wire is 2k, where k is the total number of couplings in
the circuit. Under similar discrete models, each wire has ideally
a finite number of statistical switching windows. Any chain of
timing information for a wire in the solution space has thus a
finite number of elements. This implies that the iterative process
will always reach a fixpoint in finite steps. The monotonic
property of T when we start from ⊥ or � is sufficient to prove
convergence. In fact, any solution X0 such that X0 ⊆ T (X0)
or X0 ⊇ T (X0) can be used as an initial solution to reach a
fixpoint. The number of iterations to reach a fixpoint is upper
bounded by the sum of the lengths of the longest chains of all
timing information variables in the lattice.

Under a continuous delay model, it is possible for the chains
generated in the iterative process to have infinite elements. This
implies that the generation of an exact fixpoint in finite steps
is not guaranteed. However, if the iteration does theoretically
converge to a fixpoint, an approximation to the fixpoint can be
found. For such an approximated converged fixpoint to be a real
fixpoint, stronger properties than the monotonicity are needed
for the transformation T .

Theoretically, a statistical gate delay model defines a re-
sponse waveform distribution as a function of switching wave-
form distributions on a gate’s fan-ins and wires coupled to its
fan-out net. We do not restrict the distributions to independent
ones, and assume that the model considers correlations as
well. In statistical static timing analysis, this model needs to
be expanded to compute a set of response distributions as a
function of sets of waveform distributions on the fan-ins and
coupling wires. A general way to expand a function from a set
to its power set is by natural lifting.

Definition 1: Given f : S → S, a natural lifting F :
2S → 2S is

F (A) =
⋃
a∈A

f(a), ∀A ∈ 2S .

Given a subset S of elements in a complete lattice L, we
use

∨
S to represent the least upper bound of elements in S. A

function T : L → L is said to be or-continuous if for any chain
C, T (

∨
C) =

∨
T (C). A timing transformation defined by a

natural lifting is shown to be or-continuous [15]. Given that T
is or-continuous, it is known that

∨
n≥0 T

N (⊥) is a fixpoint.
This establishes that our iterative approach always converges
to a fixpoint, given that we start our iteration from the bottom
element of the lattice. A fixpoint may however, not be reached if
we start our iterations from the top element [15]. This provides



SINHA AND ZHOU: STATISTICAL TIMING ANALYSIS WITH COUPLING 2969

a strong reason why timing analysis iterations should start from
the bottom element.

F. Optimal Fixpoint

It is known that if fixpoints of a monotonic transformation are
found by the iterative method starting from the bottom element,
it must be the least fixpoint. It is also known that the fixpoints
of a monotonic transformation form a complete lattice. The
least fixpoint is therefore the intersection of all the fixpoints.
In terms of statistical switching windows, a fixpoint with the
smallest window will result from an initial assumption that the
probability of any two windows overlapping with each other
is zero. Therefore, in order to find the optimal fixpoint, that is
the vector of tightest switching windows on the real solution
(the one with minimal pessimism), we should start with an
initial solution where the probability of an overlap between the
statistical switching windows on any two coupled wires is zero.
Subsequent application of T until convergence guarantees the
optimal solution.

III. COUPLING INDUCED DELAY PUSHOUTS

AS RANDOM VARIABLES

A. Overlap Between Statistical Switching Windows

The overlap between two statistical switching windows is not
a deterministic quantity. For two statistical switching windows
xi and xj , we denote the overlap between the windows by a
random variable Oij , which is defined as

Oij
�
= min

(
xu

i , x
u
j

)− max
(
xl

i, x
l
j

)
. (4)

We consider a probabilistic view of the overlap Oij . If we
denote the cumulative distribution function (cdf) of Oij by
Ψij(t), the probability of an overlap between xi and xj is
given by

Pr(Oij > 0) = 1 − Ψij(0). (5)

B. Coupling Induced Delay Pushout Computation

Simultaneous switchings on a pair of coupled nets cause
delay variations on the nets. The amount of additional delay
(positive or negative) induced is called the coupling induced
delay pushout and is a function of the overlap between the
switching windows on the coupled nets. Since the overlap be-
tween two statistical switching windows is a random variable,
the coupling induced delay pushout is consequently a random
variable even if the delay pushouts for a deterministic overlap
are constants. Considering the timing information on any wire
as a set of signal switching distributions, coupling possibly
induces additional signal switching distributions in the set. The
new set must have an inclusion relationship with the original
since any conservative coupling model will not remove any
original switching distribution from the set. The delay pushout
thus widens the switching window on a wire, that is, if xi and

x′i denote the switching windows on a wire i when effects due
to coupling are not considered and are considered, respectively,
we have

xi ⊆ x′i. (6)

Without any loss of generality, we consider the computation
of the worst case delay on a wire i when coupling effects are
considered. The worst case delay on i is given by the sum of
the delay on the wire when coupling effects are not considered
and the coupling induced delay pushout due to each wire it
couples with.

As an example, we illustrate the computation of a coupling
induced delay pushout D as a random variable based on a
simple coupling model, which is given by

D
�
=
{
DO, overlap
DN , no overlap

(7)

where, DO and DN are the values assigned to D, depending on
whether the statistical switching windows between the coupled
wires overlap or not, respectively. We denote the overlap as a
random variable O.

Based on prior work by [8] and [9], we assume that all ran-
dom variables are expressed as a weighted sum of independent
and orthonormal random variables ξi, i = 1, 2, . . . , n, such that
E[ξiξj ] = 0 if i �= j, and = 1, otherwise. The delay pushouts
DO and DN are random variables, and are expressed as

DO = dO
0 +

n∑
i=1

dO
i ξi

DN = dN
0 +

n∑
i=1

dN
i ξi

⇒D= d0 +
n∑

i=1

diξi
�
=

{
dO
0 +

∑n
i=1 d

O
i ξi, overlap

dN
0 +

∑n
i=1 d

N
i ξi, no overlap.

(8)

We define a new set of random variables dis, i =
0, 1, . . . , n as

di
�
=
{
dO

i , overlap

dN
i , no overlap.

(9)

We therefore have

d0 +
n∑

i=1

diξi = d0 +
n∑

i=1

diξi. (10)

We multiply (10) by a new independent and orthogonal
random variable ξn+1 and take the expected value (E[·]) on
both sides. We consider the orthogonality property of ξi, and
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that the overlap is a function of ξi, i = 1, . . . , n but independent
of ξn+1. Using conditional expectation, we obtain

d0 =
1

E[ξn+1]

(
E[d0ξn+1] +

n∑
i=1

E[diξiξn+1]

)

=
1

E[ξn+1]

(
E[d0] +

n∑
i=1

E[diξi]

)
E[ξn+1]

= E[d0] +
n∑

i=1

E[diξi]

= dO
0 Pr(overlap) + dN

0 Pr(no overlap)

+
n∑

i=1

E[diξi]

= dO
0 Pr(O > 0) + dN

0 Pr(O ≤ 0)

+
n∑

i=1

E[diξi] where (11)

E[diξi] = dO
i E[ξi|O > 0]Pr(O > 0)+
dN

i E[ξi|O ≤ 0]Pr(O ≤ 0). (12)

We multiply (10) again by ξk for k = 1, 2, . . . , n and match
the expectations on both sides to obtain

dk =
1

E [ξ2k]

(
E[d0ξk] +

n∑
i=1

E[diξiξk] − d0E[ξk]

)
(13)

where

E[diξiξk] = dO
i E[ξiξk| O > 0]Pr(O > 0)

+ dN
i E[ξiξk| O ≤ 0]Pr(O ≤ 0) (14)

E[d0ξk] = dO
0 E[ξk| O > 0]Pr(O > 0)

+ dN
0 E[ξk| O ≤ 0]Pr(O ≤ 0). (15)

The previous illustration of the computation of the delay
pushout is extensible to an arbitrary coupling model and does
not imply that the proposed approach is limited to a given
coupling model. The model can be trivially extended to having
M delay pushouts for given ranges of an overlap value and
expressed as

D
�
=



DN no overlap
DO

i overlap ∈ (Oi, Oi+1], ∀i = 1, 2, . . . ,M − 1
DO

M overlap > OM

.

Under such a model, the equations are modified to obtain the
desired coefficients dis. The conditional expectations are now
evaluated for each of the possible overlap intervals. Even for a
continuous coupling model (for example, the delay pushout as
a exponential function of overlap), a similar approach is used to
compute the desired coefficients. The conditional expectation
computations in this case involves the probability density func-
tion of the overlap instead of probability that the overlap lies in
some interval. We do not discuss details of such models as this
paper is model independent and guarantees convergence under
the monotonicity properties of the timing transformation.

IV. PRACTICAL CONSIDERATIONS UNDER

A GAUSSIAN ASSUMPTION

A. Gaussian Statistical Switching Windows

The parameters of variation in statistical timing are often
assumed to be random variables having a Gaussian distribution.
Gate delays are expressed as a linear weighted sum of these
parameters and thereby have a Gaussian distribution too. We
consider the following definition:

Φ(t)
�
=

1√
2π

t∫
−∞

exp
(
−x2

2

)
dx. (16)

Φ(t) denotes the cdf of a unit normal Gaussian. It is known that
the cdf of an arbitrary Gaussian X ∼ N(µ, σ2) with mean µ
and variance σ2 is equivalent to Φ((t− µ)/σ), where Φ(t) is
defined as in (16).

The assumption of a Gaussian distribution for the bounding
RVs when used in describing statistical switching windows pro-
hibits the generic use of the ⊆ relation between the windows.

Lemma 1: No Gaussian can be a bounding RV for a set of
Gaussians.

Proof: We use contradiction to prove our claim and as-
sume that a Gaussian X ∼ N(µx, σ

2
x) is an upper bounding RV

for another Gaussian Y ∼ N(µy, σ
2
y). From (3), we have

Pr(X ≥ Y ) = 1

⇒ Pr(X − Y ≥ 0) = 1

⇒ Pr(Z ≥ 0) = 1, where Z ∼ N
(
µz, σ

2
z

) �
= X − Y

⇒ 1 − Φz(0) = 1, where Φz(t) = Φ
(
t− µz

σz

)

⇒ Φz(0) = 0

which is a contradiction, since Φ(t) ∈ (0, 1) for real t. �
As a heuristic, we now consider a weaker condition on the

bounding RVs xl
i and xu

i for any statistical switching window
xi as

Pr(xl
i ≤ c) ≥ Pr(x∗i ≤ c) ≥ Pr(xu

i ≤ c), ∀c ∈ �. (17)

It can be trivially proved (using contradiction) that the condition
is a necessary condition to (2). Agarwal et al. denote such
bounding RVs as statistical upper and lower bounds in [7], [21].
We observe that the cumulative distribution functions (cdfs)
of xl

i and xu
i provide a statistical interval for the cdf of

the uncertain actual timing variable x∗i . Similarly, we present
a weaker condition on the bounding RVs of two statistical
switching windows xi and xj to have an inclusion relationship
(xi ⊆ xj) as

Pr
(
xl

i ≤ c
) ≤ Pr

(
xl

j ≤ c
)

∧ Pr (xu
i ≤ c) ≥ Pr

(
xu

j ≤ c
)
, ∀c ∈ �. (18)
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It can be trivially proved (using contradiction) that the con-
dition is a necessary condition to (3). We next show that the
assumption of a Gaussian distribution for the bounding RVs
even under the above weaker conditions prohibits the generic
use of the ⊆ relation between the windows. We discuss the
cause of this problem and propose a remedy in the remainder
of this section.

Definition 1: We say that a random variable X strictly
dominates another random variable Y if and only if the cdf ofX
is upper bounded by the cdf of Y , that is

Pr(X ≤ c) ≤ Pr(Y ≤ c), ∀c ∈ �.

Lemma 2: The cdfs of two arbitrary Gaussians with non-
equal variances always intersect at exactly one point.

Proof: We consider two arbitrary Gaussians having means
µ1, µ2 and variances σ2

1 , σ2
2 , respectively. The point(s) of

intersection of the cdfs is(are) found by equating the cdfs and
solving for c. We thus solve for c in

Φ
(
c− µ1

σ1

)
= Φ

(
c− µ2

σ2

)
. (19)

It is known that Φ(y) is strictly increasing with y, that is Φ(x) >
Φ(y) if and only if x > y. The previous equation is therefore
equivalent to solving

c− µ1

σ1
=
c− µ2

σ2
. (20)

Equation (20) is a linear equation in c and has a single root at
c∗ = (σ2µ1 − σ1µ2)/(σ2 − σ1), given σ1 �= σ2. Since both the
cdfs are monotonically increasing, c∗ denotes the single point of
intersection of the cdfs. �

Corollary 1: For two arbitrary Gaussians with equal vari-
ance, the cdf of the Gaussian with a larger mean strictly
dominates the cdf of the other.

Proof: A real solution to (20) does not exist if
σ1 = σ2. Consequently, Φ((c− µ1)/σ1) ≥ Φ((c− µ2)/σ2),
∀c ∈ (−∞,∞) if µ1 ≤ µ2, and vice versa. �

Lemma 3: An arbitrary Gaussian can never strictly dominate
another Gaussian, given that their variances are nonidentical.

Proof: For two arbitrary Gaussians having means µ1,
µ2 and variances σ2

1 , σ2
2 , respectively, we assume without

any loss of generality that σ2 > σ1. Based on Lemma 2 and
given the monotonicity of the cdfs, the following results are
immediate:

Φ
(
c−µ1

σ1

)
≥ Φ

(
c−µ2

σ2

)
∀c ∈

[
σ2µ1−σ1µ2

σ2−σ1
,∞
)

Φ
(
c−µ1

σ1

)
≤ Φ

(
c−µ2

σ2

)
∀c ∈

(
−∞,

σ2µ1−σ1µ2

σ2−σ1

]
.

Thus, neither of the Gaussians strictly dominate the other. �
Corollary 2: If the ratio of the means of two arbitrary

Gaussians is equal to the ratio of their variances, the cdf of the

Gaussian with the smaller mean (or variance) strictly dominates
the other in the interval c ∈ [0,∞).

Proof: Given (µ1/µ2) = (σ1/σ2) implies that σ2µ1 =
σ1µ2. The proof is immediate when this result is substituted
in the above inequalities. �

Corollary 3: For two statistical switching windows xi and
yi, xi ⊆ yi implies that xl

i strictly dominates yl
i and yu

i strictly
dominates xu

i .
Proof: Immediate from (3) and Definition 2. �

Definition 3: A statistical switching window xi is said to be
a Gaussian switching window if and only if both xl

i and xu
i have

a Gaussian distribution.
Corollary 4: An arbitrary Gaussian switching window xi

cannot have an inclusion relation to another Gaussian switching
window xj , unless the variances of xl

i, x
l
j , xu

i , and xu
j are

identical.
Proof: Immediate from Lemma 3 and Corollary 3. �

Consequently, Gaussian switching windows for statistical
timing analysis with coupling may not guarantee convergence.
The Gaussian distribution spans the entire range of real
numbers and the point of intersection of the cdfs of two
Gaussian may lie far away from their mean values (or the
region of interest). In addition, realistic parametric variations
have a distribution constrained in a finite region. We therefore
consider a truncated Gaussian distribution for the bounding
RVs in our approach. The cdf of a truncated Gaussian with
mean µ and variance σ2 as a function of c is assumed to be 0 for
all c ≤ µ− kσ and is assumed to be 1 for all c ≥ µ+ kσ, for a
given k (typically k ∈ [3, 7]). Truncated Gaussian distributions
have earlier been assumed for parametric distributions in
[5], [22].

Lemma 4: An arbitrary truncated Gaussian with mean
µ1 and variance σ2

1 can strictly dominate another truncated
Gaussian with mean µ2 and variance σ2

2 under the following
condition:

(
max(µ1 + kσ1, µ2 + kσ2) ≤ σ2µ1 − σ1µ2

σ2 − σ1

)∨
(

min(µ1 − kσ1, µ2 − kσ2) ≥ σ2µ1 − σ1µ2

σ2 − σ1

)
.

This condition implies that a truncated Gaussian can domi-
nate another if the point of intersection of their cdfs lies outside
the range [µ− kσ, µ+ kσ] for both the truncated Gaussians.
Although we consider delay random variables to be Gaussians,
we assume truncated Gaussian distributions for the bounding
RVs xl

i and xu
i of a statistical switching window xi to maintain

the monotonic property of T for convergence. We denote such a
statistical switching window as a truncated Gaussian switching
window. A truncated Gaussian switching window xi can have
an inclusion relation with another truncated Gaussian switching
window xj if both pairs of truncated Gaussians xl

i, x
l
j and xu

i ,
xu

j satisfy the condition mentioned in Lemma 4 individually.
The timing transformation T must ensure this condition for
monotonicity and convergence of our approach. It is easy to
ensure the condition by adjusting the means (or variances) of
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the statistical switching window bounds pessimistically after
each application of T during iterative timing analysis. This
is done by rewriting the condition in Lemma 4 as inequality
conditions on µ2 (or σ2). We do not limit our approach to a
given delay model. Given a gate and the statistical switching
windows on all its fan-ins and wires coupled to its fan-out net,
we assume that the delay model provides the switching window
at the fan-out of the gate. We merely adjust the bounding RVs
pessimistically so that the above conditions are satisfied, that
is, the upper bounding RV strictly dominates the lower in the
interval [µ− kσ, µ+ kσ].

B. Coupling Induced Delay Pushout as a Gaussian

We now consider the implications of the assumption of a
unit normal distribution for the independent random variables
ξ1, . . . , ξn, and Gaussian switching windows in evaluating the
delay pushout D from its definition in (8). Using the add
(sub) and max (min) operations from [8] and [9], the overlap
Oab between two Gaussian switching windows xa and xb is
approximated to a Gaussian with mean µ and variance σ2. From
the definition of the probability of an overlap between statistical
switching windows in (5), we have the following1:

Pr(Oab > 0) = 1 − Φ
(

0 − µ

σ

)
= Φ

(µ
σ

)
. (21)

Consequently, the probability of no overlap between the
Gaussian switching windows is given by

Pr(Oab ≤ 0) = Φ
(
−µ

σ

)
. (22)

Evaluating the coefficients d1, . . . , dn of the delay pushout
D in (13) is nontrivial. The conditional expectations and conse-
quently the coefficients dks are functions of ξ1, . . . ξn, and not
constants. D is therefore not a linear weighted sum of the ξis in
reality.

For simplicity, we attain to approximate D as a linear
weighted sum of the ξis. One approach to achieving this is
by approximating each random variable dk to its mean value.
We denote the corresponding approximated coefficient as d∗k.
This approach is employed by Wu et al. [23] in dynamic range
estimations of multiplexing operations in nonlinear systems
using polynomial chaos expansion. Monte Carlo simulations
are used to generate samples of the random variables and
are classified as to whether they produce the condition in
the conditional expectation or not. The probabilities of the
two outcomes are thus computed, and within each value, the
mean of the expectation is computed in the usual Monte Carlo
fashion. However, Monte Carlo simulations are expensive and
not suitable for statistical timing analysis.

From the theory of conditional expectation [24], we know the
following for any random variables X and Y .

E [E[X|Y ]] = E[X].

1It is known that Φ(−x) = 1 − Φ(x).

Consequently, the mean or the expectation of the conditional
expectations in (12), (14), and (15) are expressed as

E [E[ξk|O > 0]] =E [E[ξk| O ≤ 0]] = E[ξk] (23)

E [E[ξiξk|O > 0]] =E [E[ξiξk|O ≤ 0]] = E[ξiξk]. (24)

For i �= j, it is known that E[ξi] = E[ξiξj ] = 0 and
E[ξ2i ] = 1. The simplified coefficient d∗0 in the representation
of the effective delay pushout D from (11) is now expressed as

d∗0 =E[d0]

= dO
0 Pr(O > 0) + dN

0 Pr(O ≤ 0)+E

[
n∑

i=1

E[diξi]

]

= dO
0 Pr(O > 0)+ dN

0 Pr(O ≤ 0)+
n∑

i=1

E [E[diξi]] . (25)

From (12), (23), and given that E[ξi] = 0, we have

E [E[diξi]] = 0,

and thus d∗0 = dO
0 Pr(O > 0) + dN

0 Pr(O ≤ 0)

= dO
0 Φ
(µ
σ

)
+ dN

0 Φ
(
−µ

σ

)
. (26)

Similarly, from (13)–(15), (23), (24), and given that each ξk
is a unit normal Gaussian, each of the coefficients d∗1, . . . , d

∗
n

in the representation of the effective delay pushout D are
consequently simplified to

d∗k = E[dk] = dO
k Φ
(µ
σ

)
+ dN

k Φ
(
−µ

σ

)
k = 1, . . . , n.

(27)

An alternate approach to reducingD to a weighted linear sum
of random variables is by introducing new random variables
that approximate the product of the ξis and true dks (as a
function of the ξis). Fang et al. [25] employ this approach
for approximating the product of two affine terms into another
affine term in static analysis for fixed-point finite-precision
effects in DSP designs.

V. STATISTICAL TIMING WITH MIS

Delay models considering effects due to MIS compute gate
delays as functions of the overlap between the switching win-
dows on the fan-in signals of a gate. We consider a simple
MIS gate delay model similar to (7), where overlap denotes the
overlap between the statistical switching windows on the fan-
ins of a gate and is a random variable. Given this delay model,
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we can compute the effects due to MIS in statistical switching
windows. Though analogous to the coupling, MIS does not
necessitate iterative timing analysis, and statistical timing with
MIS is possible in a single pass of a topologically ordered
circuit if coupling induced delay variations are not considered.

We therefore conclude that our framework for statistical
timing with coupling is amenable to incorporating the effects of
MIS. Our reason for this conclusion is based on the assumption
that the MIS effect does not change causality and consequently
the timing transformation T remains monotonic under its ef-
fects. This implies convergence to a fixpoint in our approach.
However, for complex delay models, establishing the delay
pushout due to MIS would be nontrivial. We do not consider
the computation of these pushouts in this paper.

VI. EXPERIMENTAL RESULTS

In this section, we present statistical timing analysis results
for the ISCAS’85 benchmarks [19], realistic parameters for
which are generated from a 0.13µ technology library. Two
global sources of variation having a truncated Gaussian dis-
tribution (at µ± 4σ) are considered in addition to a local
independent component. Cumulative parametric variations are
constrained within 10% of their mean values. We use a simple
delay model [22] and a delay pushout model (8) for our ex-
periments. Arrival time at all primary inputs are set to zero.
For comparisons, we develop the following timing analysis
approaches.

1) SSTA: denotes an implementation of a statistical timer
based on [9], which does not consider coupling induced
delay variation, that is, the delay pushout due to coupling
on each wire is assume to be DN (7).

2) STAC: denotes an implementation of a statistical timer
based on the above approach that considers coupling
induced delay pushouts assuming a deterministic over-
lap. In this approach, two statistical switching windows
xi([xl

i, x
u
i ]) and xj([xl

j , x
u
j ]) are treated as deterministic

switching windows given by [µxl
i
− 3σxl

i
, µxu

i
+ 3σxu

i
]

and [µxl
j
− 3σxl

j
, µxu

j
+ 3σxu

j
], respectively, to estimate

the deterministic overlap between them. The computed
overlap determines the delay pushout. This approach is
similar to [16].

3) STAC∗: denotes an implementation of a statistical timer
based on our proposed approach. It considers a proba-
bilistic approach to the overlap between two statistical
switching windows, and the delay pushout due to cou-
pling is computed as proposed in Section III.

4) Monte Carlo (MC): simulations are performed for ac-
curacy comparisons. A static timer is implemented that
considers coupling induced delay pushouts and is run
for 20 000 samples in the parameter space to capture the
statistical behavior of the switching windows on all wires
of a given circuit.

We compute the statistical switching window x at the pri-
mary output of a given circuit using each of the mentioned
approaches. Fig. 2 shows the cdfs of the bounding RVs for
the switching windows obtained at the output of the ISCAS’85

Fig. 2. Bounding RV distributions for the statistical switching windows
obtained at the output of ISCAS’85 benchmark C432.

benchmark C432. It is seen that SSTA underestimates the
switching window as compared to MC. STAC is found to give
a conservative estimate, while our proposed approach STAC∗

accurately estimates the statistical switching window. To give a
numerical report, the (µxl − 3σxl) and the (µxu + 3σxu) points
obtained from the mentioned approaches are compared. We
use the points obtained using MC simulations as our reference
for accuracy estimations and formally define the error in any
approach A as

% ΞA
l

�
=

(
µxl

A
− 3σxl

A

)
−
(
µxl

MC
− 3σxl

MC

)
(
µxl

MC
− 3σxl

MC

) × 100

% ΞA
u

�
=

(
µxu

A
+ 3σxu

A

)− (µxu
MC

+ 3σxu
MC

)
(
µxu

MC
+ 3σxu

MC

) × 100

% ΞA
Av

�
=

∣∣%ΞA
l

∣∣+ ∣∣%ΞA
u

∣∣
2

.

Timing analysis accuracy results based on the above metrics
are presented in Table I. STAC and STAC∗ are iterative ap-
proaches and compute timing information on some wires mul-
tiple times until convergence. We report the average number of
Iterations per Node (# I/N) obtained in these approaches. Since
SSTA does not consider coupling induced delay pushouts, it is
noniterative and is a single pass timer. Consequently, its # I/N
value is always 1. The average number of iterations per node is
found to be 16 and 15 for STAC and STAC∗, respectively. We
present run times for all approaches in Table II. STAC∗ is found
to be slower by 1.2X in comparison to STAC.

It is observed that STAC∗ improves timing estimation accu-
racy by as much as 24% in comparison to SSTA and up to 13%
in comparison to STAC. On the average, errors in switching
window estimation are reduced by 8.5% in comparison to SSTA
and by 2.8% in comparison to STAC. All experiments are
performed on a Pentium 2.4-GHz machine, with 1-GB RAM,
running Red Hat Linux 9.0.

VII. CONCLUSION

In this paper, we establish a theoretical framework for statis-
tical timing analysis with coupling. We prove the convergence
of our proposed iterative approach and discuss implementation
issues under the assumption of a Gaussian distribution for the
parameters of variation. The framework is not constrained to
Gaussian distributions for the parameters of variation, but an
arbitrary distribution could have a complicated max operation
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TABLE I
% ERRORS IN SWITCHING WINDOW ESTIMATION WITH REFERENCE TO MONTE CARLO SIMULATIONS

TABLE II
RUN TIME COMPARISON FOR THE TIMERS

and estimation of the conditional expectations would be an
important consideration.

We do not discuss approaches to reducing iterations (or
speeding up approaches) for our timer. Clustering the circuit
into strongly connected components and then topologically
performing timing analysis with coupling is suggested in [15].
Breaking up feedback edges in the directed graph representa-
tion of the circuit to form clusters is suggested. The feedback
edges due to coupling are broken based on a metric of timing
proximity. In statistical timing with coupling, we propose to
use the probability of an overlap between two windows as
the metric for timing proximity, that is, edges having a low
probability of overlap are broken. Though we do not discuss
details on the approaches to speed up iterations, our formulation
of statistical timing analysis with coupling is amenable to each
of the mentioned speedup approaches.

Experimental results reveal that our approach improves
switching window estimation accuracy by up to 24% in com-
parison to traditional approaches. Since our statistical timing
analysis framework is block based, we are amenable to using
the concept of node and edge criticalities introduced in [9]. This
makes our approach attractive in guiding timing optimization
[26], which is a critical purpose of accurate timing analysis.
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