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Minimization with simple constraints

(P)

General assumptions:
1. f(z): R® — R, are smooth.

2. n is large.

3. l; € [—00,00), u; € (—o0,00], and I; < u;.

Q={z || <z <u}.




Projected Gradient at z,

Vaf(z) = Pp)(—=Vf(z)) &

)

—(Vf(2)):
(Vaf(z))i = ¢ max(0, —(Vf(z)):)

| min(0, =(Vf(x)))

Gradient Projection

pz = Pa(z =V f(z)) —z .




Optimality condition

Minimization with simple constraints

z is a local minima = —V f(z) € Nq(Z) © Vaof(Z) =0 < pz = 0.

Active Constraints

Alx) ={i | x; = 1; or z; = u;}

Binding Constraints

r; = [; and (Vf(il?))z > 0,
or z; = u; and (Vf(x)); <0




Overview of Active-set Trust-Region Algorithm(ASTRAL)

Case 1










Notation:

L. v(z) = [B(x)|.

2. ®(x) equal to the n x v(x) matrix whose columns are those of I
corresponding to the non-binding constraints B¢(z).

3. & = &(z*), B =®IB,®;, G*= 4",

4. (lk)j = max{(] — xk)j, —0k }, (uk)] = min{(u — xk’)j, Ok},
¥ = ®T(I%), and @* = ®T (u¥)




Active-set Trust-region Algorithm(Preliminary)

WHILE |[p*||oc > €
1. Identify the B(z*). Solve trust-region subproblem

minimize sTBrs + g*s

1
2

subject to Ik <s<ak

where By, = ®1' B, &, §F = &1 4",
2. Accept/Reject trial step S.

3. Update trust-region radius g
ENDWHILE




Convergence Theory

Assumptions:

A1l. There exists a M, such that ||Bg|| < M.
A2. V f(x) satisfies Lipschitz condition over 2.

Theorem 1 Under assumptions Al, A2. Let {z*} be a sequence
generated by the algorithm ASTRAL. Then either the algorithm
terminates finitely at a first-order stationary point of P, or

f(z*) | —oo, or limy_o p* = 0.




L-BFGS Updating(Byrd, Nocedal, Schnabel).
Fix m to be a positive integer.

Define
P S W yk _ gk—|—1 B gk

set

S = [Sk‘—m—H’ L ,Sk],Y — [yk—m+1,._.

L-BFGS Hessian approximation at z* is

B =\ —9oTr 1o,

S'Y=L+D+R.




LM-BFGS and an Interior Point Method for the QP Suproblems

Letw:s—i’“,h:ﬂk—i’“.

minimize sTBrs + §k’s Q minimize

~

1
2
IF<s<qk subject to

subject to




(By+ UtV 4+w-17)-1

=+ 2@ u)r - (2] ) = @] v) " (@] )T
(where 2=\ + UV +W~12)

Write I' — (B 0)TE2-1(®T ) =

L — (2 V) 2712 ¥) =

_LM-T g

where D = MM7T and JJT =W + LD 'LT.




Restarting scheme and Local Convergence

(Gradient Projection Re-Start) If HpkH =0, STOP; it HpkH > Tk,

continue; otherwise, set

Tk+1 = YTk ﬁ;:PQ(xk—Vf(xk))’ f:f(j)a and§:Vf(z%) :

If B(2) # B(z*), set
ghtl =3 fEHL = f gktl — G 5., = §, continue.

/,

/ :XK+1
X




Active-set Trust-region Algorithm
WHILE ||Va f(z%)||eo > €
0. Gradient Projection Re-start.
1. Identify the B(z*). Solve trust-region subproblem

minimize %STBkS + g*s

subject to L < s < 0k

where By, = ®1 B, &, §* = 14",
2. Accept/Reject trial step S.

3. Update trust-region radius
ENDWHILE



Let z be a stationary point of P,
A3 (Non-Degeneracy) —V f(Z) € ri (Nq (Z)).

A4 (Second-Order Sufficiency) ®{ By®y, is positive definite.

A5 (Uniform Positive Definiteness) There exists p > 0 and € > 0

such that for x € B(Z, €), we have
sU'Bys > psl's

where s; =0 if i € A(Z).




Theorem 2

e Suppose A1-A2 hold and let {z*} be a sequence generated by
ASTRAL with 79 > 0. If z is a cluster point of the subsequence

J = {k ‘ Hpk_l H < Te_1 }, then z is a first-order stationary point of
D

e If in addition,  and the sequence of matrices { By} satisfy
A3-Ab, then a gradient projection re-start occurs at most finitely
many times, ¥ — z, and Vqf(z*) — 0.

Corollary Suppose By, = V2 f(z*) is positive definite and assume
that V2 f(Z) is locally Lipschitz at Z. Then the ASTRAL iterates
{z*} converge quadratically to Z.




Numerical Results(MATLAB Implementation)

Termination Criteria;

Va(f(@*))lle < 107°.

5% < 10710,

. fk — fbest‘/max(la |fbest|) < 10_10-
4. nfg > 500.




Comparison of nfg(Matlab implementation)
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Comparison of CPU time(Matlab implementation)
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e Matlab implementation for ASTRAL available on

www.math.washington.edu/Ixu/

e Matlab implementation for L-BFGSB will soon be posted.

e Working on: C++ & Fortran implementation.




Thank you!!!
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Performance profile (Dolen and Moré 2001) comparison nfg

m=3 m=5
1 1f — -
ASTRAL ASTRAL
0.8} LBFGSB 0.8} LBFGSB
0.6} 0.6}
o o
0.4¢ 0.4¢
0.2} 0.2}
0 : : : 0 : : :
0 2 4 6 0 2 4 6
tau.nfg tau.nfg
m=17 m =29
1 1f — -
ASTRAL ASTRAL
0.8} LBFGSB 0.8} LBFGSB
0.6} 0.6}
ol ol
0.4} | 0.4}
0.2} 0.2}
0 : 0
0 2 4 6 0 2 4 6
tau.nfg tau.nfg

20-1



Performance profile CPU time
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The ASTRAL Algorithm

Step 0: (Initialization) Let 50 >0, 2 € Q, and By € R**" be
symmetric and positive definite. Set

¢° =Vf(®) and p°=p(z°),

and choose the following constants:
0< By <f1<Py<1, (step acceptance parameters)
0<o01<03<1<o03, (trust-region scaling parameters)

0<y<1, 0< 19 (re-start parameters)
Set 50 = min{maxi{uz- — lz}, 50} and k£ = 0.




Step 1: (Gradient Projection Re-Start) If HpkH =0, STOP; if
HpkH > Tk, g0 to Step 2; otherwise, set

f=1f(&),andg=V[f(Z).

=T, g + = g, 5k—|—1 :5767

choose B*t! € R**™ to be symmetric and positive definite,

compute

k+1 k+1 _  k+1 k+1
pF+l = Po(zhtl — ghtl) — gk+

?

update k to k 4+ 1, and go to Step 2; otherwise, continue to
Step 2.




Step 2 (Solve the Trust-Region Subproblem) Set

(1%); = max{(l — z*);, =0}, (u*); = min{(u —2"*);, 8}

for j=1,2,...,n,
By, = @} B, ®y, = &} g",
IF = ®I'(1%), and @* = @{(u ) .

Let § be the solution to the v(z*)-dimensional trust-region

subproblem

(TR)r minimize %STBkS + g*s
[k <s <k

subject to

5° = @43, and ry, = (f(2"+5%)—f (")) /an-




Step 3: (Update the iterates) If r, > By, set s® = 5%;
otherwise, set s* = 0. Update the iterate as follows:

ghtl = gF + Sky ng — vf(xk+1)7 pk+1 — p(xk—'_l)a Tk+1 = Tk,

and choose B¥*t1 € R™"*™ to be symmetric and positive definite.

Step 4: (Update the trust-region radius) Set

( 10k, if r < Bo;
020k, if Bo <7 < fB1;
Ok, if 1 <7 < Ba;

| min(o3dg, do), if r> B,

Step 5: Update k to £ + 1 and return to Step 1.




