A first-order analysis of
a trust-region algorithim
with inexact Jacobians

Andrea Walther
Institute of Scientific Computing
TU Dresden

8. US-Mexico Workshop on Optimization
January 11, 2007

Institute of
S cientific C omputing



Institule of
cientific C omputing

N

Overview

1. Motivation

2. Trust-region algorithm with inexact Jacobians

(a) General observations
(b) Algorithm
(c) Convergence result

3. Numerical results

4. Conclusion and outlook

8. US-Mexico Workshop on Optimization 1 Andrea Walther, IWR, TU Dresden



Institute of

Scientific C omputing

1. Motivation \y%_

Periodic adsorption processes

Joint work with Larry Biegler
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e separation of components, e.g. H, from furnace gases

Motivation

Periodic adsorption processes:

e Ooperate at cyclic steady-state = CSS
e maximize overall recovery at desired purity, ...
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e separation of components, e.g. H, from furnace gases

Motivation

Periodic adsorption processes:

e Ooperate at cyclic steady-state = CSS
e maximize overall recovery at desired purity, ...
e Can be modeled by:

min 6(y(t))

st. z1 = fi(y1,p,t), y1(to) = yo, t € [to, 1]
zi = filys, p,t), yi(tic1) = yi—1(ts—1),
t € [ti_l,ti], 1 E [Q,N]
C'(yo) yo —yn(ty) =0

0 > W(y(t,yo,p))
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Task: Min f(x) subject to c¢(x) =0, \y%_

with nonlinear and sufficiently smooth
o f:RY — R objective,
o c: RY — RM state constraints (CSS 1)

e r state variables and control variables
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Task: Min f(x) subject to c¢(x) =0, \y%_

with nonlinear and sufficiently smooth
o f:RY — R objective,
o c: RY — RM state constraints (CSS 1)

e r state variables and control variables

Calculus-based methods:
e Consider Lagrangian L(z,\) = f(z) + A\ c(x)
e Solve

0=[g(x,\),c(x)] = [wa(w) 4+ A V,e(2), c(a:)]
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Apply SQP-like method, i.e. solve KKT system \§'/

B(xy, ) Alzy)T
At MO P = Vaallanw

ViaL(zp, M) Py =
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Apply SQP-like method, i.e. solve KKT system \§'/

B(xp, A\p) A(zp)t |~
A(zp) 0 P

V:JQB,AE(Z%,M) Py = = —VaL(xk, Ak)

Critical point: Jacobian of constraints A(x)
A(x) dense = computation and factorization very expensive

e Freeze exact (factorized) Jacobian for several steps
e Use only approximation of Jacobian
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Apply SQP-like method, i.e. solve KKT system \§'/

B(xp, A\p) A(zp)t |~
A(zp) 0 P

ViaL(zp, M) Py = = —VeaL(xk, k)
Critical point: Jacobian of constraints A(x)
A(x) dense = computation and factorization very expensive

e Freeze exact (factorized) Jacobian for several steps
e Use only approximation of Jacobian

Assumptions: One can evaluate
o A(xp)v
[ ) A(:Bk)T’U
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Apply SQP-like method, i.e. solve KKT system \§'/

B(xp, A\p) A(zp)t |~
A(zp) 0 P

ViaL(zp, M) Py = = —VeaL(xk, k)
Critical point: Jacobian of constraints A(x)
A(x) dense = computation and factorization very expensive

e Freeze exact (factorized) Jacobian for several steps
e Use only approximation of Jacobian

Assumptions: One can evaluate

e A(x)v = sensitivity equation, forward mode AD
o A(x)Tw
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Apply SQP-like method, i.e. solve KKT system \§'/

B(xp, A\p) A(zp)t |~
A(zp) 0 P

ViaL(zp, M) Py = = —VeaL(xk, k)
Critical point: Jacobian of constraints A(x)
A(x) dense = computation and factorization very expensive

e Freeze exact (factorized) Jacobian for several steps
e Use only approximation of Jacobian

Assumptions: One can evaluate
e A(x)v = sensitivity equation, forward mode AD

e A(x)Tv = adjoint equation, reverse mode AD

and approximates Jacobian A, and null space Z, with A,Z, = 0
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2. Trust-region algorithm

Composite-step trust region:
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2. Trust-region algorithm o(z) = c(xz)

Composite-step trust region:

o —_"
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2. Trust-region algorithm o(z) = c(xz)

Composite-step trust region:

Normal subproblem
min |lc(zx) + A(zi)n|?
n ERN

s.t. [In|]| < Ay
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2. Trust-region algorithm o(z) = c(xz)

Composite-step trust region:

Normal subproblem
min |lc(zx) + A(zi)n|?
n ERN

s.t. [In|]| < Ay

Cauchy step: n{ = —a{ A(zy)Tc(zk)

where af solution of

TE'Q le(@r) —aA(zp) A(zp) Te(ze)|| st [JaA(z)Te(ap) | < Ay
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2. Trust-region algorithm o(z) = c(zp)
Composite-step trust region:
Normal subproblem

min |lc(zk) + A(zp)n|?

n ERN

s.t. [In|]| < Ay

Cauchy step: n{ = —a{ A(zy)Tc(zk)

where af solution of

TE'Q le(@r) —aA(zp) A(zp) Te(ze)|| st [JaA(z)Te(ap) | < Ay

= Computation of exact Cauchy step possible!!
Ensures that Normal Cauchy Decrease Condition holds
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Tangential subproblem \§'/

QR}VH (Vf(zr) + Beni) " Zip + 507 Z] BrZip
p
s.t. ||Zwpll < Ay
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Trust-region algorithm Sai I("r tC rfnp ting

Tangential subproblem \§'/

QR}VH (Vf(zr) + Beni) " Zip + 507 Z] BrZip
p
s.t. ||Zwpll < Ay

Cauchy step t¢:
= Z, (Vf(zx) + Byny) =
t¢ = —0¢ Zp¢
where 6¢ solution of

mln(Vf(a:k) + Bing)T0Z,p¢ + & (pk VI ZE By Zyp§
S.t. ||9ka || < Ak
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Trust-region algorithm Sai I("r tC rfnp ting

Tangential subproblem \§'/

QR}VH (Vf(zr) + Beni)T Zip + 2pT ZI Br.Zip
p
s.t. || Zwpll < Ay

Cauchy step t¢:

= Z'(Vf(zi) + Byng) =
tg - —ngkpkc

where 6¢ solution of

mln(Vf(a:k) + Bing)T0Z,p¢ + & (pk VI ZE By Zyp§
S.t. ||9ka || < Ak

= Cauchy step for inexact subproblem available, but
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Inexactness:

/. = exact null space

A(zr) (ng + tr) = A(xg)ng

Z, = inexact null space

A(x)(ng + t) = A(zp)ng + 7

N\

) \
L \
Tk o 4\ )
O\ I
o Iy
N\ k}'/"//

S
~

= =
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Inexactness: \y%_

/. = exact null space Z, = inexact null space
A(xp)(ng + ty) = A(zp)ng A(zr)(ng + tr) = A(zg)ng + 7
,\\ ".\\
. \ \
Tk o | Tk o |
ol /-
K c K c/
AR 71 NP A
pred; (dy) = hpred(tx) + pxvpred(ng) + xx + errg(di, px)

ipred,; (dy) + errg (dg, px)
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Inexactness:

/. = exact null space

A(zr) (ng + tr) = A(xg)ng

N

Z, = inexact null space

A(x)(ng + t) = A(zp)ng + 7

N
\
\

Tk o 4\ )

O\ I

o Iy
t 7
kg 7

N }',/

= =

pred, (di) = hpred(tx) + prvpred(ng) 4+ xx + erry(di, )
= ipred; (dy) + erry(dg, px)

Need bound on deviation: For v >0 ||A(xi)te|| < vAE =

lerry, (di, px)| = ,uk;’HC(fEk) + A(zi)ni|| — ||c(xr) + A(wk)dkH’
< ppl|Alzr)tr|| < ppvAg

8. US-Mexico Workshop on Optimization

Andrea Walther, IWR, TU Dresden



Instit f
ic

Trust-region algorithm S cientifi "(ljefmpuﬁng

Inexactness:
/= exact null space /. = inexact null space
A(zr)(ng + tr) = A(xr)ng A(zg)(ng + tr) = A(xg)ng + 7

,\\ ' \\

\ \
L \ Tl o \
N J N 4!

. / ) /"'/

0 c/ . c

N - tk; g / N tk}/'.'/ .

- =

pred;, (dx) = hpred(tx) + prvpred(ng) + xx + errg(d, pr)
= ipredk(dk) -+ errk(dk, ,uk)

Alternative:
—erry (dy, px) < nipred;, (dy.), n € (0,1)

= pred; (dg) > 0 !
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Lagrange Multipliers \§"

Exact:

AMor1 = (A(zpt1) A(zpg1) ") T A(@pg 1) Vi (241)
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Lagrange Multipliers \§"

Exact:

AMor1 = (A(zpt1) A(zpg1) ") T A(@pg 1) Vi (241)

Inexact:

Akl = (Ap+14{ 1) T Ap 1 VI (@p41)
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Lagrange Multipliers

Exact:

AMor1 = (A(zpt1) A(zpg1) ") T A(@pg 1) Vi (241)

Inexact:

A1 = (Apr1AL ) T A1V (1)
Once more: Bound on inexactness of Z;41 with w € (0, 3
||ZkT+1A(5’3k+1)T>\k+l|| < w|‘Zg+1vf($k+1)||

to ensure global convergence to first-order critical points
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Algorithm \y%_

Start: Init zo, Ao, u_1>0, Ao, Zo, Do, n,p € (0,1),w € (O,%),I/>O

for k=0,1,...
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Algorithm \y%_

Start: Init zo, Ao, u—1>0, Ao, Zo, Ao, n,p € (0,1),w € (0,3),v>0

for k=0,1,...
1. Compute total step d, = nj; + t, as described before

2. Compute ug > pr—1 such that ipred, (dx) > p ug vpred, (ng)

3. If aredy(di) < nipred,(d;) decrease Ay, go to 1.
4. Set xip41 = 7z + di, and update Ag.

5. Compute new Ait1, Zir4+1, and Lagrange multipliers Agp41

6. If —Z(xp+1)' Vf(2pt1) = 0,c(xp41) =0, stop
else k=k-+ 1, go to 1.
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Algorithim \y%_

Start: Init zo, Ao, u—1>0, Ao, Zo, Ao, n,p € (0,1),w € (0,3),v>0

for k=0,1,...

1.
2.

3
4.
5
6

Compute total step di. = n; + ¢, as described before

Compute pp > pr—1 such that ipred, (di) > p g vpred, (ng)

. If —errg(dy) < 7jipred,(dx), improve A, and go to 1.

If ared(dy) < nipred,(d;) decrease Ay, go to 1.

. Set xp41 =z + di, and update Ag.

. Compute new Axy1, Zx+1, and Lagrange multipliers Ag41

such that || Z;, ; A(zr+1)" Metall S wl|Z0 Vi (@rp) |-

I —Zg+1Vf($k+1) = O,C(CC]H_l) =0, goto 6

else k=k-+ 1, go to 1.
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Theorem: Well-posedness, \§'/

i.e. A, cannot shrink to zero if x; is not a stationary point

Proof: Exploiting
|A(zr)te|] < vAR or — errg(dy) < 7 ipred; (dy) (1)
yields
|ipred; (dy,) — aredy,(di) | < v(1 + i) AR (2)

The remaining proof follows Byrd, Gilbert, Nocedal [2000].
For details see W. [2005]
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Theorem: Well-posedness, \§'/

i.e. A, cannot shrink to zero if x; is not a stationary point

Proof: Exploiting
|A(zr)te|] < vAR or — errg(dy) < 7 ipred; (dy) (1)
yields
|ipred; (dy,) — aredy,(di) | < v(1 + i) AR (2)

The remaining proof follows Byrd, Gilbert, Nocedal [2000].
For details see W. [2005]

Theorem: Feasibility of all limit points, i.e. klim c(xr) = 0.
—00

Proof: Based on (2), for details see W. [2005].

Requirements on inexactness: Up to now only (1) needed !!
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Theorem: All limit points are first-order critical, i.e. \§'/

Nm pp = IJLHQO(Vf(wk) + A(zp) Ap) =0

Proof: Using p =w/(1 —w) € (0,1) and

1 Zi 1 A1) M1 || S 0| ZE 1V (i) | (3)

= 11 Z8pull = 1ZE(V £ (2) + A@) AL
> (1 - WZIV )] > 2=

= |l = | = Z{L (Vf (@) + Brr) |
> v2llpkll — ov2l|prl — v3llnk|| = (1-— 9)72Hp]€|| — v3||nk||
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Theorem: All limit points are first-order critical, i.e. \§'/

Nm pp = IJLHQO(Vf(wk) + A(zp) Ap) =0

Proof: Using p =w/(1 —w) € (0,1) and

1 Zi 1 A1) M1 || S 0| ZE 1V (i) | (3)

= 11 Z8pull = 1ZE(V £ (2) + A@) AL
> (1 - WZIV )] > 2=

= |l = | = Z{L (Vf (@) + Brr) |
> v2llpkll — ov2l|prl — v3llnk|| = (1-— 9)72Hp]€|| — v3||nk||

Remaining proof similar to Byrd, Gilbert, Nocedal [2000],
for details see W. [2005]

Requirements on inexactness: Here only (3) needed !!
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Implementation:
e C/CH+ program

e AD-tool ADOL-C to compute A(x)v, A(x) v, B(z)v
e TR1 update to approximate A(x), Z(x)
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Implementation:
e C/CH+ program

e AD-tool ADOL-C to compute A(x)v, A(x) v, B(z)v
e TR1 update to approximate A(x), Z(x)

Test Problems:

e CUTETr collection
e small SMB problem
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Numerical results

Results for small CUTEr problems

iter. count evaluation of full A(xzy)
problem | exact | inexact | exact | err | Lagr |sum-+1
bt5 45 45 39 1 0 2
bt6 12 14 13 9 2 12
bt7 230 231 219 | 31 9 41
bt8 9 9 10 0 0 1
hs7 11 11 12 0 0 1
hs8 5 65 6 0 0 1
hs9 3 3 4 0 0 1
hs26 14 14 15 0 0 1
hs27 13 13 14 1 1 3
hs40 12 14 3 2 1 4
hs42 27 27 22 0 3 4
hs77 12 12 10 7 2 10
hs78 8 19 6 7 0 8
hs79 4 4 5 3 0] 4
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Dimension of larger problems \y%_
Problem n m | objective | constraints f(xy)
genhs28 300 | 298| nonlinear linear | 3.31481 x 10!
orthregc | 1005| 500  nonlinear| nonlinear|1.87906 % 101!
dtoclnd |2998 | 2000  nonlinear| nonlinear|2.37703 % 101
dtoc?2 2998 | 2000 | nonlinear| nonlinear|4.9723 x 101
dtoc3 2999 | 1998 | nonlinear linear| 2.3518 % 10°
dtoc4 2999 | 1998 | nonlinear nonlinear| 2.8748 x 10°
dtoch 1999 | 999 | nonlinear nonlinear| 1.5274 % 10°
dtoc6 2001 | 1001 | nonlinear nonlinear| 1.7176 x 104
eigena?2 110 55 | nonlinear nonlinear | 0.0000 % 10°
eigenc? 462 | 231 | nonlinear nonlinear| 0.0000 % 10°
broydnbd | 2000 | 2000 — nonlinear =

. US-Mexico Workshop on Optimization
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Results for larger CUTEYr problems \§"

iter. count evaluation of full A(x)
problem |exact|inexact | exact| err|Lagr sum+1
genhs28 3 3 4 0 0 1
orthregc 94 186 93 || 36 35 72
dtoclnd 7 8 8 0 4 5
dtoc2 6 153 7| 8 0 9
dtoc3 5 5 6 0 0 1
dtoc4 4 5 5 0 4 5
dtoch 6 9 7 0 3 4
dtoc6 106 104 o7 | 39 15 55
eigena?2 1 1 2 0] 0 1
eigenc?2 11 33 12 2 1 4
broydnbd 7 22 3 0 0 1

8. US-Mexico Workshop on Optimization 16 Andrea Walther, IWR, TU Dresden
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Small simulated moving bed system \y%_
Biegler, Diehl, W.

Raffinate (Qra) Feed (Qre)
K Qur j
s — )\
Ngis comp.
Qv Qu
Ngis comp.

\L f 1%
C ="

Desorbent (Qpe Extract (Qex)

Objective: Reach desired state
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Numerical results

S tific Cmp ing

Results for simulated moving bed problem \§'/

iter. count evaluation of full A(x)
Nyis n m || exact | inexact || exact | err | Lagr |sum-+1
10 |125|120 5 5 6| O 4 5
15 185|180 5 6) 6| O 3 4
20 |245|240 10 7 11 1 3 5
30 | 365|360 §) §) 7 1 2 4
40 |485|480 5 6) 6| O 4 5
60 | 725|720 5 7 6| 2 2 5

8. US-Mexico Workshop on Optimization 18
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4. Conclusion and outlook

e Trust-region method without exact Jacobian for equality-
constrained optimization

e Global convergence imposes two conditions on inexactness

e Resulting inequalities can be easily verified by evaluating
matrix-vector products

e TR1 update or frozen Jacobian for approximating A(x)

e Future plans:

— Improvement of algorithm, e.g. second order correction
— Extension to inequalities
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