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Introduction

Mixed Integer Programming (MIP) Problem:

min {cac—l—dy . (x,y) € P}

N
|

WhereP:{(gc,y)E]R”l><Z"2 . Az 4+ Cy > d}

The convex hull of P can be described with linear inequalities

z = min {c:c +dy : (z,y) € Coanu//(P)}

Solution method: Branch-and-cut

— Start with the continuous relaxation of P

P"ﬂel:{(ar:,y)E]R”l><Rn2 : Az + Cy > d}

— Strengthen it with valid inequalities (cutting)

— Apply enumeration (branching)



Intro — continued

e Mildly non-linear MIP Problem:

z = min {f(x,y) : (x,y)EP}

where P is a mixed-integer set and f is a nice convex function

z # min {f(ac,y) : (x,y) € Coanu//(P)}

P ConvHull( P)



Intro — continued

e Computationally:

— A well known MIP with linear constraints

— Objective function linear or convex quadratic

— Using branch-and-bound

Linear objective

Convex objective

nodes time nodes time
weak relaxation 10,616 332.24 || 45901 16,697.46
strong relaxation 0 0.17 || 29,277 21,206.56




Mildly non-linear MIP Problems— feasibility cuts

e Reformulate the problem

: = min {f(z,9) : (2,9) € P}
= min {¢ : 6> f(z,9), (z,y) € P}
—  min {cb L (z,y, ¢) € Coanull(P')}
where

P'={(¢,2,y) ERXRT xZ" : Azt Cy > d, ¢ > f(z,y) }

o ConvHull(P") is not a polyhedral set

e Find valid inequalities g(¢, x,y) < O that are

— Satisfied by all points in P’,

— but violated by some in the continuous relaxation of P’



Mildly non-linear MIP Problems — optimality cuts

e Inequalities using optimality conditions (not valid for all feasible points)

o let
P, = {yEZnQ:EI(x,y)EP}

6(y) = min {f(z,y) : (2,y) € P}
v(y) = {wERnl D (z,y) € P, f(z,y) :¢(y)}

e Inequality g(¢, x,y) < 0 is an optimality cut if

9(0(@),7(®),9) <0

for all y € P,.

Zz = min {qﬁ : (z,y,9) € C’oanull(P*)}

= min 3¢ : yE€ Py, ¢=09¢(y), =)
{ J



Uncapacitated Facility Location Problem

e Given

— Facilities with fixed set-up cost
— Warehouses (customers) with given demand

— Linear delivery cost between each facility and warehouse

e Choose a subset of facilities to open, and supply the warehouses from open facilities.

z = min {Zc@y@ + quijxij : (y,xz) € UFL(C, F)}

i€F ieF jeC

where
UFL(C, F) = {(y,2) € {0, 1}/ x RII"

inj — 1 V]EC

CEij

IA

Yi weF,jec}



A variation on the cost function

Consider non-linear costs on flows

z = min {chyZ — ZZqij(xij)d : (y,x) € UFL(C, F)}

i€F i€F jeC

where d > 1 measures the level of risk-averseness.

We first rewrite the problem as

1€l e’
subject to b; — Z qz-j(acz-j)d > 0 Vie C
e F
1€ F
0 <z, < vy VieF,je€C

Y; € {O, 1} Vi € F



Basic properties of optimal solutions

e For any given y € {0, 1}|F|, g#£0,letF={icF : gy, =1}

® The problem decomposes for each customer 5 € C' to

¢; = min > qij(wiy)”

ieF

subject to inj = 1

with optimal solution:

d qi; (x:j)d_l = X = x5~ ““1/q; Vi€F

and optimal value z* = > ._sciyi+ D .o (b;



Basic properties of optimal solutions — Il

As optimal flows satisfy
—1/d—1

x qij *
Lij — “1d—1 _x Y
Z qi; Y
leF
forall1 € F 5 € C. For a fixed customer 3 € C we have
—d/d— *
Z Qij Qij fa Y; —(d—-1)
x x\d _ 1EF o —1/d—1 =«
6; = D ai(ai)" = ;= | 2w Yi
1€l “1/d-1 leF
Z qi; Y
leF
Note (y)* = vy asy; € {0, 1}.
When d = 2 we have
gbj — and €T.. = fgbj Y,



Bounds on flow costs
10

e Assume > vy, = k forsome k € Z and let j € C.

As
. 1 “ s 1 ok
qu — - we have gbj e Bj
DU —
ier e

e Furthermore, B;? is convex in k for all j (ie. BY + B2 > 23;*1)

k(=2_u)




Bounds on flow costs - |l
11

Lemma: Forj € Candk =1,2,...,|F| — 1, the customer-cost lower bound

¢;>Bi ([ k+1=> y | +B7 | —k+> w

leF leF
is valid for all feasible solutions.

Proof :

o IfY . crpy1 =k wehave ¢; > B;?’,
o IfY 1 cpyi=k+1wehave¢; > BIt!,

o IfY ,crpyt =1 & {k,k -+ 1} then by convexity, B;f > RHS



Variable upper bounds on flow variables

12

e Remember that fori1 € F and 3 € C,
J gij

holds for all optimal solutions and y; < 1.

Lemma : For fori € F and 3 € C, the flow lower bound
qij xi; < ¢; — (1 —y;)LBy

is valid for all optimal solutions (L B;; is a lower bound on ¢; when y; = 0)

Not valid for all feasible solutions. Consider slightly increasing an optimal flow CU;} >0

* * * 0\ 2
QijT;; = ¢j — Z Qij(xz’j)

el



More bounds on flow variables

13

e Assume > vy, = k forsome k € Z and let j € C.
o Asqijx;; = ¢; y; holds for all optimal solutions, and

1
R VA D Y
7

when y; = 1 and > y; = k, we have

K
qij Tij 2> Ly

Lemma : L];j is convex in k for all 7 and the customer-cost lower bound

$; > Lo [ k+1 =D w | + L5 [ —k+D w

leFr leFr

is valid for all feasible solutions.



More bounds on flow costs
14

o Assume > vy = k forsome k € Z and let C C C.

o As
1 1, 1 1 . _
— = Z — Y we have - = y: y: — |y < Bk(c)
qu leF qij jeC ¢j leF jeC i

o Furthermore, 1/B"(C) is convex in k for all C C C.

Lemma: For C C C andk =1,2,...,|F| — 1, the customer-cost lower bound
S ol LA I R -=red ELEDS
= = - Yi = - Yi
2ject/é; — BHC) eF BH(C) ler

is valid for all feasible solutions.



Computational results

15

e Jest data is generated randomly

— Customers and candidate facilities thrown on the unit square

— Flow cost is the Euclidian distance

— Fixed cost of opening a facility is generated uniformly

m,n | No cuts | Basic cuts + VUB cuts + customer-pairs Opt
10,30 140.5 286.8 296.0 318.8 (5) | 348.7
15,50 141.2 261.4 280.1 302.5 (14) | 384.0
20,65 122.5 206.9 223.1 238.5 (29) | 289.3
25,80 121.3 201.4 220.4 244.6 (36) | 315.8

30,100 128.0 248.0 265.1 297.5 (62) | 393.1




Summary

16

e Linear/non-linear/feasibility/optimality cuts help tighten the continuous relaxation

——NLP MINLP —e—NLP with cuts

1 3 5 7 9 11 13 15 17 19 21 23 25 27 29

# Facilities



Thank you.
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