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Basic Algorithm

Initialize: x0,∆

Compute Model: mk( )

Compute Step: Compute sk from

min
‖s‖≤∆

mk(xk + s)

Trust-region Update: ρ = f (xk )−f (xk+sk )
mk (xk )−mk (xk+sk )

If ρ > 0.75 ∆← 2.0∆

If 0.25 < ρ < 0.75 ∆← ∆

If ρ < 0.25 ∆← 0.5∆

Accept xk + sk

Accept xk + sk

Reject xk + sk
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Points to note

- Model depends on previous iterates!

- Geometry matters

In derivative free methods we use sample based models; e.g.,
interpolation or regression.

The O in Taylor-like bounds depends not only on f , but also
on the geometry of the sample set.

We need to have some constant characterizing the quality of
the sample set.

We need to control this constant to keep it uniformly
bounded.

A Fully Linear model that is suitably minimized replaces the
Cauchy Point.
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Abstraction of required bounds

f ∈ C 1 and ∇f Lipschitz continuous on {x |fk ≤ f0}.
∆k bounded above.
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Abstraction of required bounds

f ∈ C 1 and ∇f Lipschitz continuous on {x |fk ≤ f0}.
∆k bounded above.

An interpolation model using at least n + 1 poised points that
are contained in B(x ,∆) and satisfies Taylor-like error bounds
is called: Fully Linear on B(x ,∆) iff

|f (x)−m(x)| ≤ κef ∆
2

|∇f (x)−∇m(x)| ≤ κeg∆

for all x in B(x ,∆)
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Abstraction of required bounds

f ∈ C 1 and ∇f Lipschitz continuous on {x |fk ≤ f0}.
f ∈ C 2 and ∇2f Lipschitz continuous on {x |fk ≤ f0}.
∆k bounded above.

A model is called: Fully Quadratic on B(x ,∆) iff

|f (x)−m(x)| ≤ κef ∆
3

|∇f (x)−∇m(x)| ≤ κeg∆2

|∇2f (x)−∇2m(x)| ≤ κeh∆

for all x in B(x ,∆)
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Interpolation-based trust-region methods

Derivative-free methods.

Trust region subproblems are defined by linear/quadratic
models built by multivariate polynomial interpolation.

Need to deal with approximated gradients and, when using
quadratic models, with approximated Hessians.

Trust region methods retain global convergence to stationarity
if:

interpolation models are at least fully linear;
well-poisedness is enforced before reducing the trust radius;
well-poisedness is enforced once the size of the model gradient
becomes small.

Global convergence to second order critical points possible
when using fully quadratic models.
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Model decrease at the Cauchy point+Eigenpoint

Fundamental result:

mk(xk)−mk(xk + sk) ≥ κ

2
max

{
‖gk‖min

[
‖gk‖
κbhd

,∆k

]
,−τk∆2

k

}
.

where
gk = ∇xmk(xk), βk = 1 + max

x∈Bk

‖∇xxmk(x)‖

,
xC
k (t) = {x | x = xk − tgk , t ≥ 0 and x ∈ Bk}.

and τ is the most negative eigenvalue
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Global convergence to 2nd-order critical points

Need

∇2f Lipshitz continuous.

Fully-quadratic (FQ) models.
i.e. satisfies the correct Taylor-like bounds

We know we can achieve FQ in finite number of steps.

Need to define stationarity criteria

σm
k = ‖gk‖+ max{−λmin(∇2mk), 0}

σk= ‖∇fk‖+ max{−λmin(∇2fk), 0}

Criticality Test: If ‖σm
k ‖ ≤ εc , construct a model, m̃k that is FQ

on Bk(xk ,∆k), for some ∆̃k ∈ (0, µkσm
k ), using the algorithm on

the next slide

Set mk = m̃k and ∆k = min{∆̃k ,∆k}.
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2nd-Order Criticality Step Algorithm (CSA)

This algorithm is only applied if the model mk is not FQ or if
∆k > µσm

k .

[Initialization:] Set i = 0. Choose α ∈ (0, 1). Set

m
(0)
k = mk .

[Repeat] i ← i + 1. Improve m
(i−1)
k until it is fully

quadratic on B(xk ;αiµ‖(σm
k )(0)‖) (notice that this

can be done in a finite, uniformly bounded number of

steps). Denote the new model by m
(i)
k .

Set ∆̃k = αiµ‖(σm
k )(0)‖ and m̃k = m

(i)
k .

[Until] ∆̃k ≤ µ‖(σm
k )(i)‖.

Ensures that close to stationary ⇒ FQ on a related TR ⇒ true
gradient small
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The Algorithm –2nd order version

Step 0: Initialization. x0, ∆max, ∆0 ∈ (0,∆max), and a initial
model m0, β, εc > 0 and µ > β > 0, η1 6= 0, η0

and γ with 0 ≤ η0 ≤ η1 < 1 and 0 < γ < 1 < γ+.
Set k = 0.

Step 1: Criticality test. If σm
k ≤ εc , use CSA to construct m̃k , FQ

(for κef , κeg , and κeh, same for all iterations) on
B(xk ; ∆̃k) for some ∆̃k ∈ (0, µ‖σ̃m

k ‖].
Set mk = m̃k and ∆k = min{∆̃k ,∆k}.

Step 2: Step calculation. Choose a step sk that “sufficiently
reduces the model” mk (approximate CP/EP) such
that xk + sk ∈ Bk(xk ;∆k).
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The Algorithm (continued)

Step 3: Acceptance of the trial point. Compute f (xk + sk) and

ρk = f (xk )−f (xk+sk )
mk (xk )−mk (xk+sk ) .

If ρk > η1 or ρk > η0 and mk is FQ on B(xk ;∆k),
then xk+1 = xk + sk and the model is updated;
otherwise the model and the iterate remain
unchanged.

Step 4: Model improvement. If ρk < η1 ensure mk is FQ, making
suitable improvements if necessary and define mk+1

to be the (possibly improved) model.

10



The Algorithm (continued)

Step 5: Trust-region radius update. Set

∆k+1 ∈


γ+∆k if ρk ≥ η1,mk is FQ, and ∆k < βσm

k

[∆k ,∆max] if ρk ≥ η1,mk is FQ, and ∆k ≥ βσm
k

γ∆k if ρk < η1, and mk is FQ,
∆k if mk is not FQ.

Increment k by one and go to Step 1.
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Step 1 Outcome

1 ρk ≥ η1 Successful iteration. ∆k+1 ≥ ∆k

2 kinds if η0 = 0 : Only increase ∆ when ∆ small relative to
criticality!

2 η1 > ρk ≥ η0 and mk is FQ. Acceptable iteration.
∆k+1 < ∆k

NB There are no acceptable iterations if η0 = η1 ∈ (0, 1)

3 η1 > ρk and mk is not FQ. The model must be improved.
model-improving iteration. So ∆k and xk not changed

4 ρk < η0 and mk is FQ. ∆k+1 < ∆k and xk+1 = xk

Unsuccessful iteration.

12



Step 1 Outcome

1 ρk ≥ η1 Successful iteration. ∆k+1 ≥ ∆k

2 kinds if η0 = 0 : Only increase ∆ when ∆ small relative to
criticality!

2 η1 > ρk ≥ η0 and mk is FQ. Acceptable iteration.
∆k+1 < ∆k

NB There are no acceptable iterations if η0 = η1 ∈ (0, 1)

3 η1 > ρk and mk is not FQ. The model must be improved.
model-improving iteration. So ∆k and xk not changed

4 ρk < η0 and mk is FQ. ∆k+1 < ∆k and xk+1 = xk

Unsuccessful iteration.

12



Step 1 Outcome

1 ρk ≥ η1 Successful iteration. ∆k+1 ≥ ∆k

2 kinds if η0 = 0 : Only increase ∆ when ∆ small relative to
criticality!

2 η1 > ρk ≥ η0 and mk is FQ. Acceptable iteration.
∆k+1 < ∆k

NB There are no acceptable iterations if η0 = η1 ∈ (0, 1)

3 η1 > ρk and mk is not FQ. The model must be improved.
model-improving iteration. So ∆k and xk not changed

4 ρk < η0 and mk is FQ. ∆k+1 < ∆k and xk+1 = xk

Unsuccessful iteration.

12



Step 1 Outcome

1 ρk ≥ η1 Successful iteration. ∆k+1 ≥ ∆k

2 kinds if η0 = 0 : Only increase ∆ when ∆ small relative to
criticality!

2 η1 > ρk ≥ η0 and mk is FQ. Acceptable iteration.
∆k+1 < ∆k

NB There are no acceptable iterations if η0 = η1 ∈ (0, 1)

3 η1 > ρk and mk is not FQ. The model must be improved.
model-improving iteration. So ∆k and xk not changed

4 ρk < η0 and mk is FQ. ∆k+1 < ∆k and xk+1 = xk

Unsuccessful iteration.

12



Step 1 Outcome

1 ρk ≥ η1 Successful iteration. ∆k+1 ≥ ∆k

2 kinds if η0 = 0 : Only increase ∆ when ∆ small relative to
criticality!

2 η1 > ρk ≥ η0 and mk is FQ. Acceptable iteration.
∆k+1 < ∆k

NB There are no acceptable iterations if η0 = η1 ∈ (0, 1)

3 η1 > ρk and mk is not FQ. The model must be improved.
model-improving iteration. So ∆k and xk not changed

4 ρk < η0 and mk is FQ. ∆k+1 < ∆k and xk+1 = xk

Unsuccessful iteration.

12



Convergence Highlights

Convergence and not liminf convergence even if η0 = 0 — as
long as in the latter case we are careful when we increase ∆k .

If ρk < η1 only reduce ∆k if FQ.

Criticality test includes curvature information

Relatively general framework — which we can satisfy in a
finite number of steps

Do not require FQ/FL at every step

Four possible outcomes: Successful, Acceptable, Model
Improving, and Unsuccesful.

After criticality step ∆k = min{∆̃k ,∆k}: good efficiency.

All details of the proof are given

13
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2nd-order convergence (Details)

Step A: Show that ‖σm
k − σk‖ ≤ κσ∆k

Uses Wielandt-Hoffman and FQ

κeh ∆≥‖∇2f (x)−∇2m(x)‖ ≥ ‖∇2f (x)−∇2m(x)‖F /
√

n≥{Pn
i=1 |λi−µi |2/n}

1
2

≥ |λn−µn|√
n

=
|λmin(∇2f (x))−λmin(∇2m(x))|√

n

14
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Convergence (continued)

Step B: Show that unless σk = 0 criticality satisfied in finite
number of geometry improvements
Proof by contradiction. Scale by α, check σm

k small enough for new model, if it keeps

failing ∆k and σm
k → 0, then use previous result

Step C: If σm
k > κ2 ∀k, ∆k > κ3,

We first show that if mk is fully quadratic (FQ) on B(xk ; ∆k ) and

∆k ≤ min

"
σm

k

2κbhm

,
κσm

k (1− η1)

8κef ∆max
,

κσm
k (1− η1)

8κef

#
,

then the k-th iteration is successful. Uses approx. CP/EP and model FQ

Now whenever ∆k falls below a certain value the k-th iteration has to be either model

improving or successful, and hence ∆k+1 ≥ ∆k . This implies that ∆j ≥ ∆k for all j

Step D: If only a finite number of successful iterations,
limi→+∞ xk = x∗
If σk 6= 0 finite number model improvement iterations before FQ ⇒∞ iterations
acceptable/unsuccesful and ∆k+1 < ∆k ⇒ ∆k → 0. Now use
σ(xj ) ≤ ‖σ(xj )− σ(xij

)‖ + ‖σ(xij
)− σm

ij
‖ + σm

ij
.

15
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Convergence (continued)

Step E: Infinite number of successful iterations ensures
lim infk→∞ σm

k = 0
By contradiction. If for all k,

σ
m
k ≥ κ1

then by Step C for each successful iteration

f (xk )− f (xk+1) ≥ η1(m(xk )− m(xk + sk )) ≥

η1
κfod

2
max

n
‖gk‖min

h ‖gk‖
κbhm

, ∆k

i
,−τk∆2

k

o
.

Since σm
k ≥ κ1 ⇒ rhs is bounded away from zero for all k, and, hence, so is

f (xk+1)− f (xk ) for each successful iteration. The number of successful iterates cannot be

infinite since f is bounded from below.

Step F: Existence of subsequence limi→∞ σki
= 0 provided

limi→∞ σm
ki

= 0
Uses σki

≤ σm
ki

+ |σm
ki
− σki

|, the Step A result and CSA

Steps E and F together gives global convergence to a subsequence of successful iterates
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Convergence (continued)

Step G: Assuming either η0 = η1 ∈ (0, 1) or ∆k is only
increased if ∆k < βσm

k . Then, limk→+∞ σ(xk) = 0.

By contradiction. Suppose there exists a subsequence {ki} of successful or acceptable
iterations σki

≥ ε0 > 0. (Ignore the other iterations, since for them xk does not

change). Then, Step F ⇒ σm
ki
≥ 2ε > 0. Pick ε such that (2 + κσµ)ε ≤ 1

2
ε0. Step

E then ensures the existence, for each ki in the subsequence, of a first iteration `i > ki
such that m`i

is FQ and σ`i
< ε ⇒ another subsequence indexed by {`i} such that

σk ≥ ε for ki ≤ k < `i and σ`i
< ε, for sufficiently large i . Restricting attention

to the subsequence of successful or acceptable iterations whose indices are in the set
K = {k ∈ N0 : ki ≤ k < `i}, we show that (using the bound on the CP/EP decrease
and the fact that f is bounded below) limk→+∞

k∈K
∆k = 0 and for sufficiently large k they

all are successful ones such that ∆k < βσm
k and so

‖xki
− x`i

‖ ≤
`i−1X
j=ki

∆j ≤
`i−1X
j=ki

γ
`i−j
+ ∆j ≤

γ+

γ+ − 1
∆`i−1.

. Finally use

‖σ(xki
)‖ ≤ ‖σ(xki

)− σ(x`i
)‖ + ‖σ(x`i

)− σ
m
`i
‖ + ‖σm

`i
‖.
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Convergence (continued)

Step G: Assuming either η0 = η1 ∈ (0, 1) or ∆k is only
increased if ∆k < βσm

k . Then, limk→+∞ σ(xk) = 0.

By contradiction. Suppose there exists a subsequence {ki} of successful or acceptable
iterations σki

≥ ε0 > 0. (Ignore the other iterations, since for them xk does not

change). Then, Step F ⇒ σm
ki
≥ 2ε > 0. Pick ε such that (2 + κσµ)ε ≤ 1

2
ε0. Step

E then ensures the existence, for each ki in the subsequence, of a first iteration `i > ki
such that m`i

is FQ and σ`i
< ε ⇒ another subsequence indexed by {`i} such that

σk ≥ ε for ki ≤ k < `i and σ`i
< ε, for sufficiently large i . Restricting attention

to the subsequence of successful or acceptable iterations whose indices are in the set
K = {k ∈ N0 : ki ≤ k < `i}, we show that (using the bound on the CP/EP decrease
and the fact that f is bounded below) limk→+∞

k∈K
∆k = 0 and for sufficiently large k they

all are successful ones such that ∆k < βσm
k and so

‖xki
− x`i

‖ ≤
`i−1X
j=ki

∆j ≤
`i−1X
j=ki

γ
`i−j
+ ∆j ≤

γ+

γ+ − 1
∆`i−1.

. Finally use

‖σ(xki
)‖ ≤ ‖σ(xki

)− σ(x`i
)‖ + ‖σ(x`i

)− σ
m
`i
‖ + ‖σm

`i
‖.

17



Viability in Practise

Linear case

Let f be a function defined from Rn to R.
Consider p = n + 1 interpolation points:

Y =
{
y0, . . . , yp−1

}
⊂ B(∆)

in a closed ball B(∆) of radius ∆ > 0.
Given these p = n + 1 points we can aim to built the fully linear
interpolation model:

m(x) = c + g>x = c +
∑

1≤k≤n

gkxk .

18
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Linear case (continued)

The coefficients c , g1, . . . , gn are defined by the interpolating
conditions:

m(y i ) = f (y i ), i = 0, . . . , n.

If the coefficient matrix 1 y0
1 · · · y0

n
...

...
...

1 yn
1 · · · yn

n


of the system is nonsingular the set of points Y is said to poised,
and the polynomial coefficients are well defined.
Otherwise, we say that the set Y is non-poised.
From a numerical point of view we care how close we are to
non-poised!.
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Linear case (continued)

Consider a point x in the ball B(∆) and the errors:

m(x) = f (x) + ef (x), g = ∇f (x) + eg (x).

Subtracting m(x) = f (x) + ef (x) from all
m(y i ) = f (y i ), i = 0, . . . , n:

(y i − x)>g = f (y i )− f (x)− ef (x), i = 0, . . . , n.

Expanding f by Taylor:

(y i − x)>eg (x) = O(∆2)− ef (x), i = 0, . . . , n.

Subtracting these equations in pairs,

(y i − y j)>eg (x) = O(∆2), 0 ≤ i < j ≤ n,
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Error estimates in the quadratic case

THEOREM: Given Y = {0, y1, . . . , yp} ⊂ B(∆),
p = (n + 1)(n + 2)/2− 1, and f be C 2(γ) in Ω ⊃ B(∆). Let
Q̂p+1×p+1 be the scaled matrix.

Then, for all points x in B(∆), we have that

‖∇2f (x)−∇2m(x)‖2 ≤
(
chp

1
2 γ‖Q̂−1

p×p‖
)

∆,

‖∇f (x)−∇m(x)‖2 ≤
(
cgp

1
2 γ‖Q̂−1

p×p‖
)

∆2,

and
|f (x)−m(x)| ≤

(
c f p

1
2 γ‖Q̂−1

p×p‖+ γ/6
)

∆3.

The constants are ch = 3
√

2/2, cg = 3(1 +
√

2)/2, and
c f = (6 + 9

√
2)/4.
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Ensuring well-poisedness (quadratic case)

Consider the case n = 2 (and p = 6):

Q5×5 =

2
666664

y1
1−y0

1 y1
2−y0

2
1
2
(y1

1 )2− 1
2
(y0

1 )2 1
2
(y1

2 )2− 1
2
(y1

2 )2 y1
1 y1

2−y0
1 y0

2

y2
1−y0

1 y2
2−y0

2
1
2
(y2

1 )2− 1
2
(y0

1 )2 1
2
(y2

2 )2− 1
2
(y0

2 )2 y2
1 y2

2−y0
1 y0

2

y3
1−y0

1 y3
2−y0

2
1
2
(y3

1 )2− 1
2
(y0

1 )2 1
2
(y3

2 )2− 1
2
(y0

2 )2 y3
1 y3

2−y0
1 y0

2

y4
1−y0

1 y4
2−y0

2
1
2
(y4

1 )2− 1
2
(y0

1 )2 1
2
(y4

2 )2− 1
2
(y0

2 )2 y4
1 y4

2−y0
1 y0

2

y5
1−y0

1 y5
2−y0

2
1
2
(y5

1 )2− 1
2
(y0

1 )2 1
2
(y5

2 )2− 1
2
(y0

2 )2 y5
1 y5

2−y0
1 y0

2

3
777775

=

2
666664

φ(y1)>

φ(y2)>

.

.

.

φ(y5)>

3
777775 given that y0 = 0 without loss of generality.

Remember

φ(x) =
[

x1 x2
x2
1
2

x2
2
2 x1x2

]>
.
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Ensuring well-poisedness (continued)

Consider a scaled version of Q5×5:

Q̂5×5 = Q5×5


∆−1 0 0 0 0

0 ∆−1 0 0 0
0 0 ∆−2 0 0
0 0 0 ∆−2 0
0 0 0 0 ∆−2

 =


φ(y1/∆)>

φ(y2/∆)>

...
φ(y5/∆)>

 .

Our goal is compute Q̂5×5 such that its inverse has the smallest
possible norm:

min ‖(Q̂5×5)
−1‖2 ⇐⇒ min Λ.

IDEA: Factorize the matrix Q̂5×5 by rows, changing the points in
Y , if necessary, so that the pivots become as large as possible.
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Ensuring well-poisedness (continued)

Before eliminating the fourth row:

−→


≥ ξ ∗ ∗ ∗ ∗
0 ≥ ξ ∗ ∗ ∗
0 0 ≥ ξ ∗ ∗

y4
1 /∆ y4

2 /∆ 1
2(y4

1 /∆)2 1
2(y4

2 /∆)2 (y4
1 /∆)(y4

2 /∆)
y5
1 /∆ y5

2 /∆ 1
2(y5

1 /∆)2 1
2(y5

2 /∆)2 (y5
1 /∆)(y5

2 /∆)

 .

Fact 1: After factorization the element in the 4× 4 position will
be of the form:

v>φ(y4/∆)

where v , with ‖v‖∞ ≥ 1, depends on the first 3 factorized rows.
Fact 2: However, for any ‖v‖∞ ≥ 1, we can prove that:
maxy∈B(1) |v>φ(y)| ≥ 1/4. Thus, ξ can be as good as 1/4.
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Ensuring well-poisedness (continued)

NOTES:

The algorithm computes a set Y ⊂ B(∆) of
p=(n + 1)(n + 2)/2 points centered at y0 = 0 for which the
pivots of the GE of Q̂p−1×p−1 satisfy

|ξii | ≥
1

4
, i = 1, . . . , p − 1.

The effort required by the algorithm for the GE is
O((n2)3) = O(n6) flops.

In the worst case the algorithm requires, moreover, the
minimization of 2(n − 1) linear functions and 2(p − 1− n)
quadratic functions in a ball of radius 1.

The algorithm can be applied to the linear case (1/4→ 1) or
to any linear-quadratic setting, e.g.
φ(x) = [ x1 · · · xn x2

1/2 · · · x2
n/2 ]>.
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Other error estimates

Error estimates (in an geometry setting inappropriate to DFO):

Ciarlet and Raviart, General Lagrange and Hermite
interpolation in Rn with applications to finite element
methods, Arch. Rational Mech. Anal., 46 (1972) 177-199.

Derivative bounds involve constants exponentially growing and
dependent on Y .

Other approaches, more suitable for DFO, but with no estimate for
the error in the derivatives and without a rigorous control of the
geometry:

Sauer and Xu, On multivariate Lagrange interpolation, Math.
Comp., 64 (1995) 1147-1170 — Newton polynomials.
S. Waldron, Multipoint Taylor formulae, Numer. Math. 80
(1998).
Powell, On the Lagrange functions of quadratic models that
are defined by interpolation, Optim. Methods Softw., 16
(2001) 289-309 — Lagrange polynomials.
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02), Custódio-Vicente (04) ...

Finite Difference Gradient & Quasi-Newton
Powell (65, 70), Stewart (67), Gill-Murray-Wright
(81), Dennis-Schnabel (83)

29



Other Approaches

Pattern Search Methods
Box (57), Campey-Nickols (61), Hooke-Jeeves (61),
Spendley-Hext-Himsworth (62), Nelder-Meade (65),
Dixon (73) [ACSIM], Dennis-Torczon (91)[PDS],
Buckley (94), Wright (96), Torczon (97)
Dennis-Torczon(97), Alexandrov et. al. (98), Audet
(99), Audet-Dennis (00), Coope-Price (00), Hough
et. al. (01), Coope et. al. (02), Kolda-Torczon (03)
...

Linesearch Methods
Powell (64), [VA04,VA24], Brent (73)
[PRAXIS],Toint-Callier (77), Lucidi-Sciandrone (96,
02), Custódio-Vicente (04) ...

Finite Difference Gradient & Quasi-Newton
Powell (65, 70), Stewart (67), Gill-Murray-Wright
(81), Dennis-Schnabel (83)

29



Other Approaches

Pattern Search Methods
Box (57), Campey-Nickols (61), Hooke-Jeeves (61),
Spendley-Hext-Himsworth (62), Nelder-Meade (65),
Dixon (73) [ACSIM], Dennis-Torczon (91)[PDS],
Buckley (94), Wright (96), Torczon (97)
Dennis-Torczon(97), Alexandrov et. al. (98), Audet
(99), Audet-Dennis (00), Coope-Price (00), Hough
et. al. (01), Coope et. al. (02), Kolda-Torczon (03)
...

Linesearch Methods
Powell (64), [VA04,VA24], Brent (73)
[PRAXIS],Toint-Callier (77), Lucidi-Sciandrone (96,
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