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Initialize: xp, A
Compute Model: my( )
Compute Step: Compute s, from

min mg(xx + s)
sll<A

f (k) —f (xk+sk)
mye (X ) —my (xic+sk)

Trust-region Update: p =
Accept xi + sk
If0.25 < p <075 A« A Accept xx + sk

If p < 0.25 A — 0.5A Xk + Sk
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Points to note

- Model depends on previous iterates!

- Geometry matters

@ In derivative free methods we use sample based models; e.g.,
interpolation or regression.

@ The O in Taylor-like bounds depends not only on f, but also
on the geometry of the sample set.

@ We need to have some constant characterizing the quality of
the sample set.

@ We need to control this constant to keep it uniformly
bounded.

o A Fully Linear model that is suitably minimized replaces the
Cauchy Point.
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Abstraction of required bounds

o f € C? and V2f Lipschitz continuous on {x|f < fo}.
@ A, bounded above.
@ A model is called: Fully Quadratic on B(x, A) iff

|f(x) — m(x)| < ke A3

IVF(x) = Vm(x)| < kegA?
IV2f(x) = V2m(x)| < kenlA
for all x in B(x,A)
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Interpolation-based trust-region methods

@ Derivative-free methods.

@ Trust region subproblems are defined by linear/quadratic
models built by multivariate polynomial interpolation.

@ Need to deal with approximated gradients and, when using
quadratic models, with approximated Hessians.

@ Trust region methods retain global convergence to stationarity
if:
e interpolation models are at least fully linear;
e well-poisedness is enforced before reducing the trust radius;
o well-poisedness is enforced once the size of the model gradient
becomes small.

@ Global convergence to second order critical points possible
when using fully quadratic models.
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Model decrease at the Cauchy point+Eigenpoint

Fundamental result:
K . k
mi(xk) = miclxc + si) = 5 max{lgkll min {Hg’,Ak} ,—TkA%(} -
Kbhd

where
8k = Vxmi(xk), B =1+ max|[Vami(x)|
x€By

xg(t) = {x| x=xx — tgk, t >0 and x € By}.

and 7 is the most negative eigenvalue
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Global convergence to 2"-order critical points

Need
e V?f Lipshitz continuous.

e Fully-quadratic (FQ) models.
i.e. satisfies the correct Taylor-like bounds

We know we can achieve in finite number of steps.

Need to define stationarity criteria
o o= |lgkll + max{—Amin(V?my), 0}
@ O)= ”kaH + max{—)\min(szk),O}

Criticality Test: If [|[o]']| < ec, construct a model, iy that is
on By(xk, Ag), for some Ay € (0, o), using the algorithm on
the next slide

Set my, = . and Ay = min{Ak,Ak}.
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2"_Qrder Criticality Step Algorithm (CSA)

This algorithm is only applied if the model my is not FQ or if
Ay > /LO’L".

[Initialization:] Set i = 0. Choose a € (0,1). Set
(0)

my = = mg.

[Repeat] i « i+ 1. Improve m{ ") until it is fully
quadratic on B(xx; o/ p|(of")©@]]) (notice that this
can be done in a finite, uniformly bounded number of

steps). Denote the new model by mf(').

Set Ay = ol (em) @] and iy = m{).

[Until] Ay < pull (o))

Ensures that close to stationary = FQ on a related TR = true
gradient small



The Algorithm —2"? order version

Step 0: Initialization. xg, Amax, Ao € (0, Amax), and a initial
model mg, 3, ¢«>0 and > 03>0, n1 #0, no
and ywith0<ng<m <land 0 <y <1<y
Set k = 0.

Step 1: Criticality test. If o' < ec, use CSA to construct my, FQ
(for Kef: Keg, and fien, same for all iterations) on
B(xk; Ay) for some A € (0, || o ll]-
Set my = My and Ay = m|n{Ak,Ak}

Step 2: Step calculation. Choose a step sk that “sufficiently
reduces the model” my (approximate CP/EP) such
that x, + sx € Bk(Xk; Ak).



The Algorithm (continued)

Step 3: Acceptance of the trial point. Compute f(xx + s) and
__FOa)=f(xitsi)
Pk = me(x)—mi(x+si) "

If px > m1 or px > no and my is FQ on B(xk; Ak),
then xx11 = Xk + sk and the model is updated;
otherwise the model and the iterate remain
unchanged.

Step 4: Model improvement. If px < n1 ensure my is FQ, making
suitable improvements if necessary and define my,1
to be the (possibly improved) model.

10



The Algorithm (continued)

Step 5: Trust-region radius update. Set

Y+ Ak if pk>n1, m is FQ, and Ay < Bof!
Aoy € [Ak, Amax]  if px > n1,my is FQ, and Ay > Bop]
+ YA if px <mi, and my is FQ,
AV if my is not FQ.

Increment k by one and go to Step 1.

11



Step 1 Outcome

O pk > m Successful iteration. Ay > Ay

12



Step 1 Outcome

O pk > m Successful iteration. Ay > Ay

2 kinds if 79 = 0 : Only increase A when A small relative to
criticality!

12



Step 1 Outcome

O pk > m Successful iteration. Ay > Ay

2 kinds if 79 = 0 : Only increase A when A small relative to
criticality!

@ 11 > px > no and my is FQ. Acceptable iteration.
Appr < Ay

NB There are no acceptable iterations if ng = n; € (0,1)

12



Step 1 Outcome

O pk > m Successful iteration. Ay > Ay

2 kinds if 79 = 0 : Only increase A when A small relative to
criticality!

@ 11 > px > no and my is FQ. Acceptable iteration.
Appr < Ay

NB There are no acceptable iterations if ng = n; € (0,1)

© 11 > pk and my is not FQ. The model must be improved.
iteration. So A, and x, not changed

12



Step 1 Outcome

O pk > m Successful iteration. Ay > Ay

2 kinds if 79 = 0 : Only increase A when A small relative to
criticality!

@ 11 > px > no and my is FQ. Acceptable iteration.
Appr < Ay

NB There are no acceptable iterations if ng = n; € (0,1)

© 11 > pk and my is not FQ. The model must be improved.
iteration. So A, and x, not changed

Q pix < no and my is FQ. A1 < Ak and xg1 = X
Unsuccessful iteration.

12
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Convergence Highlights

@ Convergence and not liminf convergence even if g =0 — as
long as in the latter case we are careful when we increase Ay.

o If pi < m1 only reduce Ay if FQ.
o Criticality test

@ Relatively general framework — which we can satisfy in a
finite number of steps

e Do not require FQ/FL at step

° : Successful, Acceptable, Model
Improving, and Unsuccesful.

@ After criticality step : good efficiency.

@ All details of the proof are given

13
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2"_order convergence (Details)

Step A: Show that |[o]" — ok|| < keAx
Uses Wielandt-Hoffman and FQ

1
Ken D[ V2F(x)=V2m(x)|| 2 [IV2F (x)=V2m(x)||¢ /v/n> {30y [Ni—pi?/n} 2

< Pn—pnl _ Pmin(T2F0)) = A min(V2m(x)|
- n n

14
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Show that unless o, = 0 criticality satisfied in finite
number of geometry improvements

Proof by contradiction. Scale by @, check ol small enough for new model, if it keeps
failing Ay and o — 0, then use previous result

If U/r(n > ko Vk, Ag > K3,

We first show that if my is fully quadratic (FQ) on B(xy; Ay) and

A, < min of  kop(l—m1) kog(1—m1)
k =

, ,
26phm  Bkef Amax Brief

then the k-th iteration is successful.
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Convergence (continued)

Step B:

Step C:

Step D:

Show that unless o, = 0 criticality satisfied in finite
number of geometry improvements

Proof by contradiction. Scale by @, check ol small enough for new model, if it keeps
failing Ay and o — 0, then use previous result

If U/r(n > ko Vk, Ag > K3,

We first show that if my is fully quadratic (FQ) on B(xy; Ay) and

o ko(1 — roP(1— 7
A < min k i k( ’Hl)’ k( 1) i
2Kphm  BRef Amax 8ref

then the k-th iteration is successful. Uses approx. CP/EP and model FQ
Now whenever Ay falls below a certain value the k-th iteration has to be either model

improving or successful, and hence Ay 1 > Aj. This implies that A; > A for all j

If only a finite number of successful iterations,
limj_ oo Xk = X*

If o) # O finite number model improvement iterations before FQ = oo iterations
acceptable/unsuccesful and Ay < Ag = Ax — 0. Now use
a0g) < llely) = abi)ll + llota) — oIl + o
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Convergence (continued)

Step E: Infinite number of successful iterations ensures
liminfy_ o =0




Convergence (continued)

Step E: Infinite number of successful iterations ensures

liminfy_ o =0
By contradiction. If for all k,
UT > K

then by Step C for each successful iteration

flxk) = Flar1) = m(mx) — mlx +s¢)) >
“od max { g | min [ 1261 A ] —rea2} .

1

Since o-km > k1 = rhs is bounded away from zero for all k, and, hence, so is
f(xk+1) — f(xk) for each successful iteration. The number of successful iterates cannot be

infinite since f is bounded from below.
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Since o-km > k1 = rhs is bounded away from zero for all k, and, hence, so is
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Step F: Existence of subsequence lim;_., ok, = 0 provided
lim; oo Uﬁ: =0
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Step E:

Step F:

Infinite number of successful iterations ensures

liminfy_ o =0
By contradiction. If for all k,
UT > K
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flxk) = Flar1) = m(mx) — mlx +s¢)) >

K . g
ny ~fed max{”é’k” min [%,Ak} a_TkAi} .

Since o-km > k1 = rhs is bounded away from zero for all k, and, hence, so is
f(xk+1) — f(xk) for each successful iteration. The number of successful iterates cannot be

infinite since f is bounded from below.

Existence of subsequence lim;_,o, o, = 0 provided
H m __

lim; oo o) = 0

Uses oy, < of} + \of} — 0|, the Step A result and CSA



Convergence (continued)

Step E:

Step F:

Infinite number of successful iterations ensures

liminfy_ o =0
By contradiction. If for all k,
UT > K

then by Step C for each successful iteration

flxk) = Flar1) = m(mx) — mlx +s¢)) >
“od max { g | min [ 1261 A ] —rea2} .

1

Since o-km > k1 = rhs is bounded away from zero for all k, and, hence, so is
f(xk+1) — f(xk) for each successful iteration. The number of successful iterates cannot be

infinite since f is bounded from below.

Existence of subsequence lim;_,o, o, = 0 provided
H m __

lim; oo o) = 0

Uses oy, < of} + \of} — 0|, the Step A result and CSA

Steps E and F together gives global convergence to a subsequence of successful iterates

16
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Convergence (continued)

Step G: Assuming either 770 = 71 € (0,1) or Ay is only
increased if Ay < Bo’. Then, limy_ o 0o(xc) = 0.




ence (continued)

Assuming either 19 = 11 € (0,1) or Ay is only
increased if Ay < Bo’. Then, limy_ o 0o(xc) = 0.

By contradiction. Suppose there exists a subsequence {k;} of successful or acceptable
iterations o > eg > 0. (Ignore the other iterations, since for them x; does not

change). Then, Step F = o] > 2¢ > 0. Pick € such that (2 + ko p)e < %604 Step
i

E then ensures the existence, for each k; in the subsequence, of a first iteration £; > k;

such that my; is FQ and g < €= another subsequence indexed by {¢;} such that

o > € for ki < k < ¥¢; and op; < € for sufficiently large i. Restricting attention

to the subsequence of successful or acceptable iterations whose indices are in the set

K = {k € Ny: ki < k < £;}, we show that (using the bound on the CP/EP decrease

and the fact that f is bounded below) lim,_, o Ax = 0 and for sufficiently large k they
kel

all are successful ones such that A, < 6az’eand so

£i—1 61
0—j T+
lxg —xe;ll < D8 < > 4774 < — 1A/z,.71-
Jj=kj J=kj T+

. Finally use

loGa)ll < Nlotag) — ol )l + llo(xe;) — o | + llog -
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Viability in Practise

Linear case

Let f be a function defined from R” to R.
Consider p = n+ 1 interpolation points:

in a closed ball B(A) of radius A > 0.
Given these p = n+ 1 points we can aim to built the fully linear
interpolation model:

18
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Linear case (continued)

The coefficients ¢, g1, ..., &n are defined by the interpolating
conditions:




10

Linear case (continued)

The coefficients ¢, g1, ..., &n are defined by the interpolating
conditions:
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and the polynomial coefficients are well defined.



Linear case (continued)

The coefficients ¢, g1, ..., &n are defined by the interpolating
conditions:

1y ye
Loyl oy,

of the system is nonsingular the set of points Y is said to poised,
and the polynomial coefficients are well defined.
Otherwise, we say that the set Y is non-poised.
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Linear case (continued)

The coefficients ¢, g1, ..., &n are defined by the interpolating
conditions:

1oy oy
Loyf o g

of the system is nonsingular the set of points Y is said to poised,
and the polynomial coefficients are well defined.

Otherwise, we say that the set Y is non-poised.

From a numerical point of view we care how close we are to
non-poised!.
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Linear case (continued)
Consider a point x in the ball B(A) and the errors:

m(x) = f(x)+ e (x), g = VF(x)+ es(x).




Linear case (continued)
Consider a point x in the ball B(A) and the errors:
m(x) = f(x)+e'(x), g = VF(x)+e5(x).

Subtracting m(x) = f(x) + e’ (x) from all
m(y')=f(y'), i=0,...,m

(yi—x)Tg = f(yi)—f(x)—ef(x), i=0,...,n.
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Linear case (continued)

Consider a point x in the ball B(A) and the errors:
m(x) = f(x)+e'(x), g = VFf(x)+ef(x).

Subtracting m(x) = f(x) + e’ (x) from all
m(y')=f(y'), i=0,...,m

(yi—x)Tg = f(yi)—f(x)—ef(x), i=0,...,n.

Expanding f by Taylor:

(v —x)Te8(x) = O(A%) —ef(x), i=0,...,n.

Subtracting these equations in pairs,

(v —y/)Te8(x) = O(A?), 0<i<j<n,

20



Error estimates in the quadratic case

THEOREM: Given Y = {0,y!,...,yP} C B(4A),
p=(n+1)(n+2)/2—1, and f be C3(v) in Q D B(A). Let
(p+1xp+1 be the scaled matrix.
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(p+1xp+1 be the scaled matrix.

Then, for all points x in B(A), we have that

1
IV2F(x) = V2m(x)ll < (<"P271Q,2,1) A,
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Error estimates in the quadratic case

THEOREM: Given Y = {0,y!,...,yP} C B(4A),
p=(n+1)(n+2)/2—1, and f be C*(y) in 2D B(A). Let
(p+1xp+1 be the scaled matrix.

Then, for all points x in B(A), we have that
IV2F(x) = VZm(x)ll2 < (c"p3y ) A,
IVF() = Vm(ll < (cEp3710,,1) B2

and )
| | < (Cf/ﬂ’y +'y/6> A3,
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Error estimates in the quadratic case

THEOREM: Given Y = {0,y!,...,yP} C B(4A),
p=(n+1)(n+2)/2—1, and f be C*(y) in 2D B(A). Let
(p+1xp+1 be the scaled matrix.

Then, for all points x in B(A), we have that

IV2F(x) = V2m(x)ll < (<"P271Q,2,1) A,

IVF() = Vm(ll < (cEp3710,,1) B2
and )

| | < (c"piy +9/6) A%

The constants are ¢ = 31/2/2, c& = 3(1+/2)/2, and
cf = (6+9v2)/4

21



Ensuring well-poisedness (quadratic case)

Consider the case n =2 (and p = 6):

roul 1 12 2 172 1y2
OO0 SR S DO T S T
AT Y ?(yls)z_§(y%)2 ?()%,)2_5(}/20)2
Qsxs = -y Y —y% ?(yl )2 - ?(Ylo)z ?(.V2 )2— % ()’%)2
y{‘fy% yé‘fy% g(y{‘);?(yk)z ?(yé‘);?(y%)z
L =) =y Lo9?-109)?  105)*-109)
T
T
= . given that yO = 0 without loss of generality.
-

Remember

29

vivi—y2y8
2=
Yivs—vivs
}’f}’;*)’l Y2
Y5 —1Ys




Ensuring well-poisedness (continued)

Consider a version of Qsxs:

Qsx5 = Qx5 =

23



Ensuring well-poisedness (continued)

Consider a version of Qsxs:
¢(y;/ )1
R ¢
Q535 = Qsx5 = v / )
o(y*/A)T

Our goal is compute ©5X5 such that its inverse has the smallest
possible norm:

min H((AQ5X5)*1H2 <= min
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Ensuring well-poisedness (continued)

Consider a version of Qsxs:
¢(y;/ )1
R ¢
Q535 = Qsx5 = v / )
o(y*/A)T

Our goal is compute ©5X5 such that its inverse has the smallest
possible norm:

min H((AQ5X5)*1H2 <= min

IDEA: Factorize the matrix Q5.5 by rows, changing the points in
Y, if necessary, so that the pivots become as large as possible.
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Ensuring well-poisedness (continued)

Before eliminating the fourth row:

>¢ * * * *
0 > & * * *

— 0 0 > & * *
yi/A y3/A %(y{‘/A)2 é(yé‘/A)2 (yi/D)(y3/A)
/A y3/A (/AP 353/ (/D) (y3/A)

24



Ensuring well-poisedness (continued)

Before eliminating the fourth row:

>¢ * * * *
0 > & * * *

— 0 0 > & * *
yi/A y3 /A %(y{‘/A)2 é(yé‘/A)2 (yi/D)(y3/A)
/A /A (R /A)? (5D (/D)5 /D)

Fact 1: After factorization the element in the 4 x 4 position will

be of the form:
vig(y*/A)

where v, with ||v||« > 1, depends on the first 3 factorized rows.
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Ensuring well-poisedness (continued)

Before eliminating the fourth row:

>¢ * * * *
0 > & * * *

— 0 0 > & * *
yi/A y3 /A %(y{‘/A)2 é(yé‘/A)2 (yi/D)(y3/A)
/A /A (R /A)? (5D (/D)5 /D)

Fact 1: After factorization the element in the 4 x 4 position will
be of the form:

vio(y*/n)
where v, with [|v||s > 1, depends on the first 3 factorized rows.
Fact 2: However, for any ||v||oc > 1, we can prove that:
max,ep(1) [V o(y)| > 1/4.
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Ensuring well-poisedness (continued)

Before eliminating the fourth row:

>¢ * * * *
0 > & * * *

— 0 0 > & * *
yi/A y3 /A %(y{‘/A)2 é(yé‘/A)2 (yi/D)(y3/A)
/A /A (R /A)? (5D (/D)5 /D)

Fact 1: After factorization the element in the 4 x 4 position will
be of the form:

vio(y'/A)
where v, with ||v||« > 1, depends on the first 3 factorized rows.

Fact 2: However, for any ||v||oc > 1, we can prove that:
max,ep(1) |v' o(y)| > 1/4. Thus, ¢ 1/4.
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Ensuring well-poisedness (continued)

NOTES:

@ The algorithm computes a set of
p=(n-+1)(n+ 2)/2 points centered at y° = 0 for which the
pivots of the GE of @,_1.,_1 satisfy

[ay

il > -, i=1,...,p—1L

2
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Ensuring well-poisedness (continued)

NOTES:

@ The algorithm computes a set of
p=(n-+1)(n+ 2)/2 points centered at y° = 0 for which the
pivots of the GE of @,_1.,_1 satisfy

[ay

il > i=1,...,p— 1.

Z‘,‘
@ The effort required by the algorithm for the GE is
O((n?)?) = O(n®) flops.
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Ensuring well-poisedness (continued)

NOTES:

@ The algorithm computes a set of
p=(n-+1)(n+ 2)/2 points centered at y° = 0 for which the
pivots of the GE of @,_1.,_1 satisfy

[ay

il > i=1,...,p— 1.

Z‘,‘

@ The effort required by the algorithm for the GE is
O((n?)?) = O(n®) flops.

@ In the worst case the algorithm requires, moreover, the

minimization of 2(n — 1) linear functions and 2(p — 1 — n)
quadratic functions in a ball of radius 1.
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Ensuring well-poisedness (continued)

NOTES:
@ The algorithm computes a set of
p=(n-+1)(n+ 2)/2 points centered at y° = 0 for which the
pivots of the GE of @,_1.,_1 satisfy

[ay

‘éﬁ‘ > Z‘,‘ I:]-/p*]-

@ The effort required by the algorithm for the GE is
O((n?)?) = O(n®) flops.

@ In the worst case the algorithm requires, moreover, the
minimization of 2(n — 1) linear functions and 2(p — 1 — n)
quadratic functions in a ball of radius 1.

@ The algorithm can be applied to the (1/4 — 1) or
to any linear-quadratic setting, e.g.

$(x) =[x+ xaxf/2 - x7/2]"

75



Other error estimates

Error estimates (in an geometry setting inappropriate to DFO):

o Ciarlet and Raviart, General Lagrange and Hermite
interpolation in R™ with applications to finite element
methods, Arch. Rational Mech. Anal., 46 (1972) 177-199.
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Derivative bounds involve constants exponentially growing and
dependent on Y.
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Other error estimates

Error estimates (in an geometry setting inappropriate to DFO):

o Ciarlet and Raviart, General Lagrange and Hermite
interpolation in R™ with applications to finite element
methods, Arch. Rational Mech. Anal., 46 (1972) 177-199.

Derivative bounds involve constants exponentially growing and
dependent on Y.

Other approaches, more suitable for DFO, but with no estimate for
the error in the derivatives and without a rigorous control of the

geometry:

@ Sauer and Xu, On multivariate Lagrange interpolation, Math.
Comp., 64 (1995) 1147-1170 — Newton polynomials.

e S. Waldron, Multipoint Taylor formulae, Numer. Math. 80
(1998).

o Powell, On the Lagrange functions of quadratic models that
are defined by interpolation, Optim. Methods Softw., 16
(2001) 289-309 — Lagrange polynomials.

2%
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Conn, Gould, and Toint, Trust-Region Methods, SIAM
Publications, 2000.

Conn and Toint, An algorithm using quadratice interpolation
for unconstrained derivative free optimization, in Nonlinear
Optimization and Applications, Plenum, 22-47, 1996.

Conn, Scheinberg, and Toint, On the convergence of
derivative free methods for unconstrained optimization, in
Approximation Theory and Optimization, CUP, 83-108, 1997.

Conn, Scheinberg, and Toint, Recent progress in
unconstrained nonlinear optimization without derivatives, MP,
79(3):397-414, 1997.
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Our work (continued)

@ Conn, Scheinberg, and Vicente, Geometry of Sample Sets in
Derivative free Optimization. Part I: Polynomial Interpolation,
MP, appeared electronically, 2006.

@ Conn, Scheinberg, and Vicente, Geometry of Sample Sets in
Derivative free Optimization. Part Il: Regression and
Underdetermined Interpolation, 2005.

@ Conn, Kelley, Scheinberg, and Vicente, Derivative-free
optimization with variable geometry Ill: extensions of simplex
derivatives and implicit filtering, paper under preparation.

@ Scheinberg DFO Software (Open Source),
http://www.coin-or.org/.
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