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Warmstarting

e Problem data/characteristics may be subject to change
o Market prices, demand
o New products, new restrictions
o Environmental conditions, design specifications
OIS EIOGES o Integer programming algorithms

roe b e It may be necessary to solve a series of closely related
optimization problems.
e Warmestarting is the use of information obtained during the
solution of the initial problem to solve the subsequent
perturbed problems.
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More Details

Consider the Linear Programming Problem (LP) of the form:

max clax
T, w
S.t. Ax +w

Its dual has the form:

min
Y,z
S.t.

T, w

by
Al'y — 2
Y,z

1V

'V
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Optimality conditions:
Ar+w = b
ATy —2 = ¢
xjz; = 0, 7=1,...,n
w;Yy; — O, izl,...,m,
Relax the complementarity conditions:

xiz; = W, 3=1,...,n

WY, = W, Z:]-a"'ama
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Apply Newton’s Method, solve the reduced KKT system at

each iteration:

—F A
AT F

Ay
Ax

where

= Y 'w =

b— Ax — w o

0
Tw = :LLW_le_y Yz

We also have that

AV —
Aw =

v, — FAx

p— Evu
0+ 7z

E('Vw - Ay)

Y

X-1z
c— ATy + 2
uXte — 2.
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An Example

maximize x1 + 3x9
subjectto  x1 + zo + wy

Introduction

3

Linear Programming

® Warmstarting LPs Qx]_ + ZC2 + w2 == 2
@ Interior-Point Methods for
LP x1,To, w1, wy = 0.

® An Example

® Primal-Dual Penalty Model . . . -
R Bt The optimal primal and dual solutions for this problem are
® Perturbing ¢

® Perturbing A (

0,2), w = (1,0)
0,3), z = (5,0).

Nonlinear Programming (

More Details

At the optimum, the first constraint is inactive and the second
constraint is active.
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maximize
subject to

y p—

/N

0,1),
(3,0),

r1 + 319

I +ZC2+’LU1

2561 + o + Wo
X1,T2, W1, W2

w =

z p—

(

>

0,1)

(2,0).

1
2

0.

The optimal primal and dual solutions for this problem are

At the optimum, the first constraint is active and the second

constraint Is inactive .
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Problems:

e The reduced KKT system:

w
——1Ay1 —+ ACIJl -+ ACIJQ = p1 —

Y1

e The barrier parameter:

w1
— Ywl-
Y

wTy + 21z
U=r
m-+n
e |terative refinement

Iteration @ w Y z

0 (0,2) (1,0) (0,3) (5,0)
1 (0,2) (0.05,0) (0,3) (5,0)
2 (0,2) (0.0025,0) (0,3) (5,0)
3* (0,2) | (0.000125,0) (1.6,1.4) (3.4,0)
4 (0,2) | (0.00000625,0) | (2.93,0.07) | (2.07,0)

It takes 15 iterations for LOQO to find the optimal solution.

The coldstart takes 12!
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Primal-Dual Penalty Model

The primal problem

Introduction

T T T
max ctx—d &, —d; &
€r ST wSw
Linear Programming w7w7§a7 7€w
® Warmstarting LPs
@ Interior-Point Methods for S .t- A:C —|_ w — b
LP
® An Example _5 < <
® Primal-Dual Penalty Model Y — L — uz
® Numerical Testing Details
® Perturbing b _gw S w S Uy
® Perturbing ¢
® Perturbing A ga: ; fw > O’

Nonlinear Programming

and the corresponding dual

More Details

min bl ut ul
Y2ty Yo Uy Py U

s.t. Aty — 2
— 1y Yy
_wz <
Yy, V2

© 8 9 o

'w_wy
:zz_wz

IA A
AVARVANRVAN
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37 problems from the Netlib test suite
Solved using LOQO Version 6.06

Uniformly distributed random numbers between -1 and 1
Update no more than 10% or 20 data elements (b, ¢, or A)

] bi(1+8€), otherwise.

Repeated for 6 = 0.001,0.01, and 0.1.
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Perturbing b

Problem § | #Pert | Warm  Cold | |l — 2T | |lyf —yF| | A
Introduction adlittle 0.001 5.6 2.6 18 | 3.20e-3 1.46e-5 2
et Programming adlittle 0.01 5.6 3.8 17.8 | 3.64e-2 1.15e-2 4
® Warmstarting LPs adlittle 0.1 5.6 11 17 | 3.92e-1 1.81e0 7.8
@ Interior-Point Methods for
LP agg3 0.001 20.2 5 24 | 4.44e-4 5.21e-4 0.2
® An Example
:qu'”n:z'nf;ﬂez;zz'té:f;?se' agg3 0.01 20.2 6.6 24 | 4.97e-3 2.52e-1 11.6
e Eﬂzwsing b agg3 0.1 20.2 9.6 24 | 4.46e-2 9.25e-1 23.4
@ Perturbing C
® Perturbing A bandm 0.001 20.2 10.4 19 | 1.24e-4 1.09e0 6.2
Nonlinear Programming bandm 0.01 20.2 10.6 19.2 | 1.24e-3 9.26e-1 0.8
- bandm 0.1 20.2 11.2 20 | 1.10e-2 9.24e-1 3.4
Changed | ¢ Avg Warmstart Iters | Avg Coldstart Iters | Avg Reduction
b 0.001 10.38 21.76 52%
b 0.01 10.41 21.67 52%
b 0.1 12.07 21.58 44%
I
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Perturbing c

Problem § | #Pert | Warm  Cold | |l — 2T | |lyf —yF| | A
Introduction adlittle 0.001 9 5 18.2 | 1.36e-1 1.64e-2 7.4
et Programming adlittle 0.01 9 6.2 18.2 | 1.45e-1 3.95e-2 0
:ﬁiﬁ?ﬁgmz o adlittle 0.1 9 8.2 16.4 | 2.24e-1 1.21e-1 1
o Example agg2 0.001 20.6 26.2 53.6 | 9.47e-2 3.02e-2 15.6
: qu'”rgz'nf;ﬂezet;z"éx;fse' agg2 0.01 20.6 12.2 26.6 | 1.83e-1 2.83e0 2
:EZ::E:E::E ‘Z agg2 0.1 20.6 13.8 26.6 | 3.13e-1 5.08e0 28.8
® Perturbing A bandm 0.001 20.2 10 19 | 2.25e-7 9.73e-1 1.8
Nonlinear Programming bandm 0.01 20.2 9.8 19 | 4.12e-3 1.13e0 3.2
More Detals bandm 0.1 20.2 11.8 19.6 | 1l.41e-2 6.50e-1 5.8
Changed | ¢ Avg Warmstart Iters | Avg Coldstart Iters | Avg Reduction
c 0.001 11.55 22.74 49%
c 0.01 11.78 22.09 47%
c 0.1 13.00 22.21 41%
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Introduction

Perturbing A
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LP
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® Numerical Testing Details
® Perturbing b

® Perturbing ¢

® Perturbing A

Nonlinear Programming

More Details

Problem § | #Pert | Warm  Cold | ||z! — 2P| | |lv! —4F| | A
adlittle 0.001 20 58 18.8 | 2.30e-1 3.07e-2 4
adlittle 0.01 20 7.4 18.8 | 2.42e-1 7.94e-2 12.2
adlittle 0.1 20 10.4 174 | 2.61le-1 2.37e-1 2.2
bandm 0.001 18 10 19 | 1.68e-4 9.70e-1 2.8
bandm 0.01 18 10.6  19.2 | 2.26e-3 1.01e0 0.2
bandm 0.1 18 12 19 | 2.39e-2 1.37e0 5.2
beaconfd | 0.001 18.2 3 14 | 1.08e-3 7.78e-4 8.2
beaconfd 0.01 18.2 3.6 14 | 3.04e-2 2.88e-2 8.4
beaconfd 0.1 18.2 6.6 14.2 | 2.03e-1 1.83e0 4.2
Changed | § Avg Warmstart Iters | Avg Coldstart Iters | Avg Reduction
A 0.001 12.01 21.78 45%
A 0.01 12.41 21.78 43%
A 0.1 13.95 21.87 36%
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Nonlinear Programming
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Warmstarting NLPs

Consider the Nonlinear Programming Problem (NLP) of the
form:

Introduction

Linear Programming

min  f(
Nonlinear Programming S . t . h

r,w
® Warmstarting NLPs
® Interior-Point Methods for w

NLP
® Primal-Dual Penalty Model

o;ﬂ’;lrl;lli:)near Programming: ItS dual haS the form

Real World Problems
® Quadratic Programming

@ Hock and Schittkowski Test max f(.?}) _ Vf<ﬂ?)TZC . (h(x) o A(QT)ZIZ)Ty
Y

z)
r)—w=20
> 0,

Suite

More Details St Vf(x) — A(:C)Ty = O
y =0,
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Interior-Point Methods for NLP
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® Warmstarting NLPs
® Interior-Point Methods for

NLP
® Primal-Dual Penalty Model

- NLP
® Nonlinear Programming:

Real World Problems
® Quadratic Programming

® Hock and Schittkowski Test
Suite

More Details

First-order conditions:

Vi) — Alx)"y
h(z) —w =20

Relax the complementarity conditions:

The reduced KKT system is solved at each iteration:

—H(CE, y)
A(x)

WYe =0,

A(z)"
wy !

WYe

I

Ax
Ay

= le.

)=

=0

Vf(z) — AT (z)y

—h(x) +pY te

)
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Introduction

Primal-Dual Penalty Model - NLP
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® Interior-Point Methods for

NLP
® Primal-Dual Penalty Model

- NLP
® Nonlinear Programming:

Real World Problems
® Quadratic Programming

® Hock and Schittkowski Test
Suite

More Details

The primal problem

min  f(x) +dl'¢

st h(zx)—w=0
—§{<w<u
§ >0,

and the corresponding dual

IMax X)) — Q?T
na. f(x) = Vf(z)

st. Vf(z)—Ax)ly=0

S
|
=
&
|
=
Y
=

S
<
|
=

S

<
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Nonlinear Programming: Real World Problems

® Randomly perturbed problem parameters

e “*’ndicates nonconvex problem

Introduction

Linear Programming

Nonlinear Programming
® \Warmstarting NLPs
@ Interior-Point Methods for

NLP

® Primal-Dual Penalty Model
- NLP

@ Nonlinear Programming:
Real World Problems

® Quadratic Programming

@ Hock and Schittkowski Test

Suite

More Details

Problem Avg Warmstart Iters | Avg Coldstart Iters | Avg Reduction
antenna* 34.0 27.8 -24.28%
blend* 11.2 20.6 45.44%
chemeq 40.2 299.2 86.46%
fir_convex 37.8 42.0 8.61%
hang_midpt* 9.6 45.8 78.96%
hydrothermal* 28.2 28.0 -0.71%
kowalik* 7.4 11.0 32.73%
markowitz 7.4 14.0 47.14%
nb L2 6.2 23.0 72.82%
nnls 7.6 13.0 41.54%
robotarm* 19.6 22.8 14.07%
rocket* 32.8 57.4 36.72%
sawpath* 2.8 11.0 74.55%
shekel* 5.2 18.6 70.30%
springs 5.0 59.4 89.76%
steiner 17.8 23.0 23.75%
whbv 11.8 17.6 28.86%
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Quadratic Programming
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® \Warmstarting NLPs
® Interior-Point Methods for

NLP
® Primal-Dual Penalty Model

- NLP
® Nonlinear Programming:

Real World Problems
® Quadratic Programming

® Hock and Schittkowski Test
Suite

More Details

e Convex QPs from the CUTEr test set
e Perturbed b, ¢, AasinLP

Changed | ¢ Avg Warmstart Iters | Avg Coldstart Iters | Avg Reduction
b 0.0001 24.63 53.54 45%
b 0.001 34.40 68.48 49%
b 0.01 35.97 66.63 42%
c 0.0001 10.89 39.80 49%
© 0.001 10.29 39.07 49%
c 0.01 10.08 39.51 48%
A 0.0001 17.19 53.91 55%
A 0.001 16.89 54.11 55%
A 0.01 18.11 54.64 49%
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Hock and Schittkowski Test Suite
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Real World Problems
® Quadratic Programming
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Suite

More Details

Perturb the optimal solution, then resolve.

) Reduction in Iters | Primal Dist Dual Dist
0.0001 | 39% 3.70e-03 2.13e-03
0.001 | 33% 6.14e-03 1.72e-02
0.01 24% 1.90e-02 3.40e-02

e Average performance of the primal-dual penalty approach
when warmstarting 103 problems from the Hock and
Schittkowski test set

e ¢ IS the perturbation factor

e The second column is the average reduction in iterations
from the coldstart to the warmstart

e Primal Dist and Dual Dist are the scaled Euclidean
distances between the warmstart and the optimal solutions
for the primal and the dual variables, respectively.
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More Detalls
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Exactness of the Penalty Model
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More Details

® Exactness of the Penalty

Model
® The Reduced KKT System

® Problems in General Form
® Computational Issues:

Initialization
® Computational Issues:

Updates
® Penalty Methods for

General NLP
® General Nonlinear

Programming

Set the penalty parameters so that

u>wandd>y.

Then, the optimality conditions

Vi) - A)Ty
h(x) —w

pe — (W+E)(Y+\I!)
ne—E(D —Y — ¥e
pe — (U — We

€

reduce to the optimality conditions of the original problem.

o O O O O
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The Reduced KKT System

~H(z,y) Ax)'| |Ax o

Introduction A(aj) E Ay p _|_ E’)/

Linear Programming

where
Nonlinear Programming
1 —1\ 1 S\
More Detail E = (((Y +U) (W+E)+ED-Y —0) ) + (U - W) )
® Exactness of the Penalty
ode —1
o¥hedR|educed KKT System Y == (Y —|— \I/)_l(W —|— E) —|— E(D - Y - \Ij)_l)
® Problems in General Form
OC(.).m;.)uta.tional Issues: ,LL(Y + \Il)_le — ,LL(D —Y — \Il)_le — w) — (,LL(U — W)_le — Qp)
ol(rt]gﬁlpl)ﬁgggnal Issues:
° gg:;tt?/SMethods for Wlth
General NLP
® General Nonlinear
Aw = —(W+E)Y + )7 (yu + Ay + A¢) — A,
A = (D-Y —U)"'E(Ay + AY) — e,
Ay = —(Y+9) ' W4+E)+U-W)T L4+ (D-Y —0)"15)""

(u—p¥te—p(Y +0) e+ pu(D-Y — V) te)
— (Y +O) T WH+E)+U-W)O L (D-Y —0)" i)
(Y +9) "W +E)+(D-Y - ¥)'E) Ay
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® Exactness of the Penalty

Model
® The Reduced KKT System

® Problems in General Form
® Computational Issues:

Initialization
® Computational Issues:

Updates
® Penalty Methods for

General NLP
® General Nonlinear

Programming

e A variable with the bounds

IS converted to

T < < Ty,

L—g9g = I
rT+1 = x,
g,t

1V
O

e A range constraint of the form

IS converted to

0<h(x)<r

h(x) —w

w—+p = T

w,p

I
-

'V
=
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Computational Issues: Initialization
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® Exactness of the Penalty

Model
® The Reduced KKT System

® Problems in General Form
@ Computational Issues:

Initialization
® Computational Issues:

Updates
® Penalty Methods for

General NLP
® General Nonlinear

Programming

How do we initialize the relaxation variables and the penalty
parameters in order to reach the new optimum quickly after a
warmstart?

Relaxation variables:

£ =
Y

where 7 is a small parameter, currently set to 107° M, where
M is the greater of 1 and the largest primal or dual slack
value.

Penalty parameters:

max(h(z) — w,0) + 7

T,

10(w + k)
10(y + ¢ + k),

u =

d =

where k Is a constant with a default value of 1.

8th US-Mexico Workshop on Optimization

- p. 26/29



Introduction

Computational Issues: Updates
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® Exactness of the Penalty

Model
® The Reduced KKT System

® Problems in General Form
® Computational Issues:

Initialization
® Computational Issues:

Updates
® Penalty Methods for

General NLP
® General Nonlinear

Programming

If necessary, how do we update the penalty parameters in
order to obtain the solution to the perturbed LP?
e Static updates

e Dynamic updates
It w® > 09u", then o"tY =104(®, i=1,...
ity 9% > 004", then dFTH =104", =T
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Penalty Methods for General NLP

e Benefits include:

Introduction

Linear Programming

Nonlinear Programming

More Details
® Exactness of the Penalty

Model
® The Reduced KKT System

® Problems in General Form
® Computational Issues:

Initialization
® Computational Issues:

Updates
® Penalty Methods for

General NLP
® General Nonlinear

Programming

o Primal and dual infeasibility detection
o Bounded sets of optimal primal and dual solutions
o Relieving of the jamming phenomenon

o Detection of nonKKT optima
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® Exactness of the Penalty

Model
® The Reduced KKT System

® Problems in General Form
® Computational Issues:

Initialization
® Computational Issues:

Updates
® Penalty Methods for

General NLP
® General | Nonlinear

Programming

e 1078 models from the CUTEr set, written in AMPL

e /1 penalty method implemented in LOQO Version 6.06
(current distribution)

Problems Solved

Total Iterations | Total Runtime

Default 986

50520 3029.73

Penalty 977

60820 7096.78

Problems Solved

Total Iterations | Total Runtime

Default 086

57116 3927.50

Hybrid 1002

39777 4881.23

Problems Solved

Total Iterations

Hybrid LOQO

1016

55819

|POPT

1013

39061
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