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Abstract

This paper reviews,extendsand analyzesa new classof penalty methods for
nonlinear optimization. Thesemethods adjust the penalty parameter dynami-
cally; by controlling the degreeof linear feasibility achieved at every iteration,
they promote balancedprogresstoward optimalit y and feasibility. In contrast
with classical approaches, the choice of the penalty parameter ceasesto be
a heuristic and is determined, instead, by a subproblem with clearly de�ned
objectives. The new penalty update strategy is presented in the context of
sequential quadratic programming (SQP) and sequential linear-quadratic pro-
gramming (SLQP) methods that use trust regions to promote convergence.
The paper concludeswith a discussionof penalty parameters for merit func-
tions usedin line search methods.
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1 In tro duction

In recent years, there has been a resurgenceof interest in exact penalty methods
[1, 2, 11, 24, 27, 30, 35] becauseof their abilit y to handle degenerateproblemsand
inconsistent constraint linearizations. Exact penalty methods have been used suc-
cessfullyto solvemathematicalprogramswith complementarit y constraints (MPCCs)
[3, 29], a classof problemsthat do not satisfy the Mangasarian-Fromovitz constraint
quali�cation at any feasiblepoint. They are also usedin nonlinear programming al-
gorithms to ensurethe feasibility of subproblemsand to improve the robustnessof
the iteration [8, 23]. In this paper we discussa new strategy for choosingthe penalty
parameterthat overcomes(at least for a classof algorithms) the di�culties that have
plaguedpenalty methods for many years. The newstrategy steerspenalty methodsso
as to ensurebalancedprogresstoward feasibility and optimalit y. To selecta penalty
parameter that achievesthis goal, onemust solve an additional subproblemat some
iterations.

Penalty methodshaveundergonethree stagesof development sincetheir introduc-
tion in the 1950s.They were�rst seenasvehiclesfor solvingconstrainedoptimization
problemsby meansof unconstrainedoptimization techniques. This approach hasnot
proved to be e�ectiv e, except for special classesof applications. In the secondstage,
the penalty problem is replacedby a sequenceof linearly constrainedsubproblems.
Theseformulations, which are related to the sequential quadratic programming ap-
proach, aremuch moree�ectiv e than the unconstrainedapproach but they leave open
the questionof how to choosethe penalty parameter. In the most recent stageof de-
velopment, penalty methods adjust the penalty parameterat every iteration soas to
achieve a prescribed level of linear feasibility. The choice of the penalty parameter
then ceasesto be a heuristic and becomesan integral part of the step computation.

An earlier form of the penalty update strategy discussedin this paper is presented
in [8], in the context of a successive linear-quadratic programming(SLQP) algorithm.
The goalof this paper is to analyzeand generalizethis strategy to allow its application
in other methods. In sections2 and 3 we present the classicalpenalty framework and
the unconstrainedand linearly constrainedformulations. The limitations of existing
penalty parameter update strategiesare examined in section 4. The new penalty
strategy is presented in section5 in the context of sequential quadratic programming
(SQP) methods. Later in that sectionwe considerits application to an SLQP method
and discusssomemodi�cation of the strategy presented in [8]. In section6 we discuss
the relationship betweenthe new penalty method and other trust regionapproaches.
We change the focus slightly in section 7, where we consider merit functions for
line search methods, and in particular, how to choosethe penalty parameter in this
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context.

2 Classical Penalt y Framew ork

We are concernedwith the solution of nonlinear programmingproblemsof the form

minimize
x

f (x) (2.1a)

subject to hi (x) = 0; i 2 E; (2.1b)

gi (x) � 0; i 2 I ; (2.1c)

wherethe functions f ; hi ; gi : IRn ! IR are assumedto be twicecontinuouslydi�eren-
tiable. We can rephrase(2:1) as the unconstrainedminimization of an exact penalty
function. In this paper we are interestedonly in nonsmooth exact penalty functions
as typi�ed by the `1 function

� � (x) = f (x) + �
X

i 2E

jhi (x)j + �
X

i 2I

[gi (x)]� ; (2.2)

where
[y]� = max(0; � y):

As is well known, for appropriate valuesof the penalty parameter� , stationary points
of � � are either KKT points of the nonlinear program (2:1) or infeasiblestationary
points; seee.g. [7]. This property is the most appealingfeatureof exactpenalty meth-
ods becauseone choiceof � may be adequatefor the entire minimization procedure.
Exact penalty methods are therefore lessdependent on the penalty parameter than
the quadratic penalty method for which a sequenceof subproblemswith a divergent
seriesof penalty parametersmust be solved.

An algorithmic framework that forms the basis for many penalty methods pro-
posedin the literature is asfollows. Wepresent it herein the context of the `1 penalty
function.
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Algorithm 2.1: Classical `1 Penalt y Metho d

Given � 0 > 0, tolerance� > 0, starting point xs
0;

for k = 0; 1; 2; : : :
Find an approximate minimizer xk of � � (x), starting at xs

k ;
if

P
i 2E jhi (xk)j +

P
i 2I [gi (xk)]� � �

STOP with approximate solution xk ;
else

Choosenew penalty parameter � k+1 > � k ;
Choosenew starting point xs

k+1 ;
end (if )

end (for)

The minimization of the `1 penalty function � � (x) is di�cult becauseit is non-
smooth. We cannot apply algorithms for smooth unconstrainedminimization, and
general techniques for nondi�erentiable optimization, such as bundle methods [26],
are not e�cien t in this context, as they do not take account of the special nature of
the nondi�erentiabilities. As a result of theseobstacles,this unconstrainedapproach
is unlikely to be viable as a generalpurposetechnique for nonlinear programming.
On the other hand, it is well understood how to computeminimization stepsusing a
suitable model of � � (x), as we discussnext.

3 Linearly Constrained Reform ulation

A breakthroughin penalty methods(Fletcher [18]) wasthe introduction of algorithms
that computestepsd basedon a piecewiselinear-quadratic model of � � , in a way that
resemblesSQP methods. The model is given by

q� (d) = f (x) + r f (x)T d + 1
2dT Wd + �

P
i 2E jhi (x) + r hi (x)T dj +

�
X

i 2I

[gi (x) + r gi (x)T d]� ; (3.3)

whereW is a symmetric matrix approximating the Hessianof the Lagrangianof the
nonlinear problem (2:1). The model q� (d) is not smooth, but we can formulate the
problemof minimizing it asa smooth quadratic programmingproblemby introducing
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arti�cial variablesr i , si , and t i , as follows:

minimize
d;r ;s;t

f (x) + r f (x)T d + 1
2dT Wd + �

P
i 2E (r i + si ) + �

P
i 2I t i (3.4a)

subject to hi (x) + r hi (x)T d = r i � si ; i 2 E; (3.4b)

gi (x) + r gi (x)T d � � t i ; i 2 I ; (3.4c)

r; s; t � 0: (3.4d)

If a trust region constraint of the form kdk1 � � is added, (3:4) is still a quadratic
program. We can solve (3:4) using a standard quadratic programming algorithm.

An important advantage of this approach is that by imposing(approximate) lin-
earizationsof the constraints, the step d is often able to make balancedprogressto-
ward feasibility and optimalit y. In fact, when the arti�cial variablesr; s; t are small,
(3:4) is closelyrelated to the sequential quadratic programming(SQP) method which
is known to be very e�ectiv e in practice. The step of a classicalSQP method is given
by

minimize
d

f (x) + r f (x)T d + 1
2dT Wd (3.5a)

subject to hi (x) + r hi (x)T d = 0; i 2 E; (3.5b)

gi (x) + r gi (x)T d � 0; i 2 I : (3.5c)

As is well known, however, the constraints (3:5b)-(3:5c) can be inconsistent; in con-
trast problem(3:4) is always feasible.Thus the penalty approach that computessteps
by (3:4) can be seenasa regularizedSQP method in which the constraints have been
relaxed.

Algorithms basedon the formulation (3:4), such asthe S̀ 1QP method of Fletcher
[18], have beenshown to possessfavorable global convergenceproperties. They were
implemented in the 1980sand early 1990s,and although they appear to have per-
formedwell on sometests, they werenever incorporated into production-quality soft-
ware. We conjecture that this was mainly due to the di�culties of choosing the
penalty parameter. Without a reliable update procedurefor � , it is not possibleto
obtain uniform robustnessand e�ciency over a rangeof problems.

4 The Crucial Role of the Penalt y Parameter

The strategy for choosing and updating the penalty parameter � k is crucial to the
practical successof the classical̀ 1 penalty method of section2. If the initial choice� 0

is too small, many cyclesof the generalframework outlined in section2 may beneeded
to determinean appropriate value. In addition, the iterates may move away from the
solution in these initial cycles, in which casethe minimization of � � k (x) should be
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Figure 1: Penalty function for problem (4:6) with � > 1 (left) and � < 1 (right).

terminated early, and xs
k should possibly be reset to a previous iterate. If, on the

other hand, � k is excessively large, the penalty function may be di�cult to minimize
asemphasizingconstraint feasibility too much may leadto small steps(or the rejection
of good steps),possiblyrequiring a largenumber of iterations. The di�culties caused
by an inappropriate value of � are illustrated in the following examples.

Example 1. Considerthe problem:

min x subject to x � 1; (4.6)

whosesolution is x � = 1. We have that

� � (x) =
�

(1 � � )x + � if x < 1
x if x � 1.

(4.7)

The penalty function has a minimizer at x � = 1 when � > 1, but is a monotonically
increasingfunction when � < 1; seeFigure 1. If, for example, the current iterate
is xk = 1=2 and � < 1, then almost any implementation of a penalty method will
give a step that moves away from the solution. This behavior will be repeated,
producing increasinglypoorer iterates, until the penalty parameteris increasedabove
the threshold value of 1. 2

To attempt to overcomethesedi�culties, several strategieshave beenproposed
to update � k at every iteration instead of waiting for the approximate minimization



7

of � � (x) to be completed. One strategy is to set � k to be modestly larger than k� kk1

where � k is the current Lagrangemultiplier estimate. This choice is basedon the
theory of penalty functions [25] which statesthat in a neighborhood of a solution x �

satisfying certain regularity assumptions,� k can be set to be any value larger than
k� � k1 , where� � is a vector of optimal Lagrangemultipliers for (2:1). Computational
experiencehasshown, however, that this strategy is not generallysuccessfulbecause
it may producean overly large penalty parameter (if an intermediate Lagrangemul-
tiplier estimate � k becomesexcessively large) or an underestimatethat may lead to
the di�culties just described.

Even if we knew an appropriate value of � � at the solution x � , this value may be
inadequateat the starting point or at iterates away from the solution. The following
exampleshows that it is not possibleto prescribe in advancea value of the penalty
parameter that is adequateat every iteration.

Example 2. Considerthe problem :

min x3 subject to x � � 1: (4.8)

The corresponding `1 penalty function is:

� � (x) = x3 + � max(0; � x � 1):

The solution x � = � 1 of (4:8) is a local minimizer of � � provided that � > 3. However,
� � is unboundedbelow as x ! �1 , and for any value of � , there is a starting point
x0, such that there is no decreasingpath in � � from x0 to x � ; seeFigure 2. For such
a starting point, say x0 = � 2 in Figure 2, a local optimization algorithm cannot be
expectedto �nd x � by minimizing � � . 2

In spite of this, one could considerthe heuristic strategy of setting the penalty
parameter to a very large value (say 1010) and keepingit �xed throughout the opti-
mization process.The hope is that such a value may be adequatefor most problems
(and starting points) at hand. As we discussin the next section, this is not to be
recommendedbecauseexcessively large penalty parameters can lead to ine�cien t
behavior, damagingroundo� errors, and failures.

The di�culties of choosingappropriatevaluesof � k in penalty methods [17] caused
nonsmooth penalty methods to fall out of favor during the early 1990sand stimulated
the development of �lter methodswhich do not requirea penalty parameter[20]. The
new approach for updating the penalty parameter discussedin Section 5 promises,
however, to resolve the di�culties mentioned above. By requiring that each stepmake
progressin linear feasibility that is proportional to the optimal possibleprogress,the
newstrategy will automatically increasethe penalty parameterin the examplesabove
and overcomethe undesirablebehavior just described.
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Figure 2: Penalty function for problem (4:8) with � = 10.

5 A New Penalt y Parameter Up date Strategy

We now proposea set of guidelinesfor updating the penalty parameter that can be
implemented in a variety of exact penalty methods. We present them �rst in the
context of a sequential quadratic programming method, and apply them later to a
sequential linear-quadratic programming method.

We noted in Section 3 that a penalty-SQP method computessteps by solving
problem (3:4). In a trust region variant of this approach, the subproblemtakes the
form [17, 18]

minimize
d;r ;s;t

f (x) + r f (x)T d +
1
2

dT Wd + �
X

i 2E

(r i + si ) + �
X

i 2I

t i (5.9a)

subject to hi (x) + r hi (x)T d = r i � si ; i 2 E; (5.9b)

gi (x) + r gi (x)T d � � t i ; i 2 I ; (5.9c)

kdk1 � � ; (5.9d)

r; s; t � 0; (5.9e)

where� is a trust region radius. The problem (5:9) is always feasiblebut the choice
of the penalty parameter � in
uences the quality of the step. Rather than employ-
ing heuristics, our strategy considersthe optimal improvement in linear feasibility
achievable inside the trust region. This will help us determine the amount of fea-
sibilit y improvement that is reasonableto expect from (5:9). Thus we considerthe
auxiliary subproblem

minimize
d;r ;s;t

X

i 2E

(r i + si ) +
X

i 2I

t i (5.10a)
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subject to hi (x) + r hi (x)T d = r i � si ; i 2 E; (5.10b)

gi (x) + r gi (x)T d � � t i ; i 2 I ; (5.10c)

kdk1 � � ; (5.10d)

r; s; t � 0; (5.10e)

which can be viewed as a specialization of (5:9) with � = 1 . Note that (5:10) is a
linear program (LP).

The proposedguidelinesfor updating the penalty parameterare as follows.

Up dating Guidelines

1. If there is a step d that lies inside the trust region (5:10d) and satis�es the
linearizedconstraints

hi (x) + r hi (x)T d = 0; i 2 E; (5.11a)

gi (x) + r gi (x)T d � 0; i 2 I ; (5.11b)

we shouldcomputesuch a step. In other words, the penalty parameterstrategy
should choose� large enoughin this casethat all arti�cial variables r; s; t in
(5:9) are zero.

2. If there is no step inside the trust region (5:10d) that satis�es the constraints
(5:11a)-(5:11b), choose� so that the reduction in the infeasibility of the con-
straints (5:11a)-(5:11b) is proportional to the best possiblereduction, which is
de�ned as the reduction obtained with � = 1 (i.e. by solving (5:10)).

3. In addition to the two previousrequirements on the step d, we want the change
in the penalty function to be a good measureof progressmadeby d. Thuswhen
the step yields a large reduction in the linear model

mx (d) =
X

i 2E

jhi (x) + r hi (x)T dj +
X

i 2I

[gi (x) + r gi (x)T d]� (5.12)

of the constraints, � should be chosenlarge enoughsuch that the reduction in
the quadratic model (3:3) of the penalty function is large also.

A more precisedescription of theseguidelinesis as follows. Let d(� ) denote the
solution of the quadratic program (5:9) for a given value � , and denoteby d(� 1 ) the
solution of (5:10). (We can also view d(� 1 ) as a minimizer of mx (d) subject to the
trust region constraint (5:10d).)

The �rst guideline asks that if mx (d(� 1 )) = 0, then the penalty parameter � +

chosenat the current iteration shouldbe largeenoughsuch that mx (d(� + )) = 0. The
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secondrequirement stipulates that, when the linearized constraints are not feasible,
� + should ensurethat

mx (0) � mx (d(� + )) � � 1[mx (0) � mx (d(� 1 ))]; (5.13)

where� 1 2 (0; 1) is a prescribed parameter.
Beyond thesetwo conditions,the third condition requiresthat the penalty function

givesu�cien t recognitionto improvement in feasibility in order to promoteacceptance
of a good step. Supposethe step d(� + ) that minimizes q� + makesgood progresson
feasibility, so that the �rst two conditions are satis�ed, but decreasesq� + by only
a small amount. Then, nonlinearities in the objective f and constraints h; g, could
overwhelmthis small improvement, and the stepd(� + ) could causethe actual valueof
the penalty function � � + to increase,and thusberejected. To prevent this undesirable
behavior, after computing a trial value � + of the penalty parameterso that the �rst
two requirements are satis�ed, we increaseit further if necessaryto ensurethat

q� + (0) � q� + ((d(� + )) � � 2� + [mx (0) � mx (d(� + ))]; (5.14)

where � 2 2 (0; 1): We note that a condition similar to (5:14) has beenused for the
merit function in a variety of trust region methods [9, 13, 15, 28, 33] that compute
stepsd without referenceto a penalty function.

We summarizethe discussionby providing a concretestrategy that implements
the guidelinesdescribed above.

Algorithm 5.1: Penalt y Parameter Up date Strategy

Initial data: (xk , � k� 1, � k) and the parameters� 1 and � 2.

1. Solve quadratic program (5:9) with (xk , � k� 1; � k) to get d(� k� 1). If
d(� k� 1) is linearly feasible(i.e., mxk (d(� k� 1)) = 0), set � +  � k� 1 and
proceedto step 4.

2. Solve the linear program(5:10) to get d(� 1 ). If d(� 1 ) is linearly feasible,
choosesome� + 2 (� k� 1; � 1 ] such that mxk (d(� + )) = 0 and proceedto
step 4.

3. Choosesome� + 2 [� k� 1; � 1 ] such that d(� + ) satis�es (5:13).

4. If � + satis�es (5:14), set � k  � + ; elsechoose,� k > � + such that d(� k)
satis�es (5:14).
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A variant of this algorithm would treat the linear feasibleand infeasiblecasesequally.
Instead of insisting that mx (d(� + )) = 0 whenever d(� 1 ) is linearly feasible,one can
acceptany trial valuesof � that satisfy (5:13). Weexpect this approach to bee�ectiv e
in practice, but to ensurea fast rate of convergence,the parameter� 1 must vary, and
as the iterates approach a solution, it must convergeto 1.

Another variant consistsof not recomputing the vector d(� k) in step 4 of Algo-
rithm 5.1. Instead, we can keep the vector d(� + ) from the previous steps of Algo-
rithm 5.1 and increase� as necessaryto satisfy condition (5:14).

Algorithm 5.1 may call for additional solvesof the linear and quadratic programs
given by (5:10) and (5:9) to determinean appropriate value of � . Theseextra solves
are potentially expensive, but the hope is that the additional expenseis o�set by a
reduction in the number of iterations of the SQPmethod. We have not yet developed
a software implementation of the penalty SQP method just outlined, and therefore,
cannotevaluate the computational tradeo�s of the penalty update strategy. However,
we have produced a software implementation for the SLQP method discussednext,
and the results are highly encouraging.

5.1 Application to a Sequential Linear-Quadratic Program-
ming Metho d

SLQP methods [8, 12, 21] compute a step in two stages. First, a linear program
(LP) is solved to identify a working set W. Then an equality constrainedquadratic
program (EQP) is solved in which the constraints in the working set W are imposed
as equalities,while the remaining constraints are temporarily ignored.

The needfor a penalty function arisesin the linear programmingphasewhich has
the form

minimize
d

f (x) + r f (x)T d (5.15a)

subject to hi (x) + r hi (x)T d = 0; i 2 E (5.15b)

gi (x) + r gi (x)T d � 0; i 2 I (5.15c)

kdk1 � � : (5.15d)

A trust regionconstraint is necessaryin (5:15) to ensurethat the LP is not unbounded;
it also encouragesthat only locally active constraints are added to the working set.
As before,we can ensurethe feasibility of the constraints (5:15b)-(5:15d) by following
an `1 penalty approach. Thus we reformulate the LP phaseas

minimize
d;r ;s;t

f (x) + r f (x)T d + �
X

i 2E

(r i + si ) + �
X

i 2I

t i (5.16a)

subject to hi (x) + r hi (x)T d = r i � si ; i 2 E (5.16b)
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gi (x) + r gi (x)T d � � t i ; i 2 I (5.16c)

kdk1 � � (5.16d)

r; s; t � 0: (5.16e)

We denote the solution of this problem as dLP (� ). The penalty update guidelines
will be applied to choosea suitable penalty parametervalue for problem (5:16). The
constraints active at the solution of this LP are usedto determine a working set W
of equality constraints, subject to which a quadratic model of the penalty function is
minimized. The total step of the algorithm is a combination of the stepsobtained in
the linear programming and equality constrainedphases;see[8, 21].

The subproblem(5:16) is identical to (5:9) exceptfor the absenceof the quadratic
term 1

2dT Wd in (5:9a), but this doesnot alter in any way the goalsof our updating
strategy. Instead of the quadratic model q� (d) given by (3:3), we now considerthe
following piecewiselinear model of � � :

` � (d) = f (x) + r f (x)T d+ �
X

i 2E

jhi (x) + r hi (x)T dj + �
X

i 2I

[gi (x) + r gi (x)T d]� : (5.17)

Algorithm 5.1 is applicable in the SLQP context, with the following changes.We
denote by dLP (� 1 ) the solution of (5:10). Throughout Algorithm 5.1, we make the
replacement d  dLP , and condition (5:14) takesthe form

` � + (0) � ` � + (dLP (� + )) � � 2� + [mx (0) � mx (dLP (� + ))]: (5.18)

The strategy given in Algorithm 5.1 hasbeenimplemented in the SLQP method
that forms part of the Knitr o 4.0 software package [38]; it is available under the
option Knitr o-Active. It initializes � 0 = 10 at the beginning of the algorithm, and
sets� 1 = 0:1 in (5:13) and � 2 = 0:5 in (5:14). The implementation of Steps2, 3 and 4
is achieved by increasing� k� 1 by a factor of 10 and re-solving(5:16) until the desired
condition is satis�ed. (An earlier versionof this penalty update strategy is described
in [8]. )

Numerical tests with Knitr o-Active indicate that Algorithm 5.1 is substantially
more e�cien t and robust than classical strategies that use a more static penalty
update strategy. Although Algorithm 5.1 calls for potentially many extra linear
programs to be solved in selecting the penalty parameter, the cost of these extra
LPs hasproved to be fairly small in practice for two reasons.Firstly, we have noticed
that the strategy described in Algorithm 5.1 typically �nds an adequatevalue of the
penalty parameter quickly, after which it stabilizes resulting in a small number of
extra LPs and a reduction in the overall number of outer iterations comparedwith
other heuristic techniquesfor modifying the penalty parameter. Secondly, whenusing
a simplex method, the extra LPs with varying valuesof � which needto be solved
are typically solved very quickly using warm starts. In our tests on a large set of test
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problems,we found that the number of simplex iterations usedin solving the extra
LPs was less than three percent of the total number of simplex iterations used in
computing the stepsd actually taken.

A global convergenceanalysisof a penalty SLQP method is given in [7]. In this
study, condition (5:14) is replacedby the lessrestrictive condition

` � + (0) � ` � + ((dLP (� + )) � � 2� + [mx (0) � mx (dLP (� 1 ))];

so that the analysisis of broad applicability.

5.2 Behavior on Three Examples

Let us examinethe behavior of the penalty update strategy of Algorithm 5.1 on the
two examplesgiven in section 4 and on a linear programming problem studied by
Fletcher [19].

Example 1, Revisited.
Supposethat xk = 1=2, � k� 1 = 0:1 and that W = 0 in (5:10). Let us denote the

current trust region radius by � k . For this value of � , the arti�cial variable t is not
zeroand the stepgeneratedby (5:10) would move away from the solution. For � = 1
we seethat if � k � 1

2 then the arti�cial variable t will be set to zeroand the step d
will be feasible. Algorithm 5.1 would then increase� until t is driven to zero, that
is, it will choose� k � 1. On the other hand, if � k < 1

2 then by setting � = 1 the
arti�cial variable t is not driven to zero, but takes the value 1

2 � � k . Algorithm 5.1
will choose� k to satisfy (5:13), which in this caserequires� > 1 for any � 1 2 (0; 1).
In either casethe algorithm will perform as desired.

Example 2, Revisited.
For simplicity, we assumeagain that W = 0 in (5:10). At an iterate xk < � 1 we

havethat mk(d) = max(� xk � 1� d;0), and d(� 1 ) = min(� k ; � 1� xk). The linearized
model of the penalty function is given by ` � (d) = 3x2

kd + � max(� xk � 1 � d;0). If
we want d(� ) to make any progresson feasibility, we must have d(� ) > 0, and this
can only occur if � > 3x2

k . If � + is chosenthat large, then d(� + ) = min(� k ; � 1 �
xk) = d(� 1 ), and (5:13) is satis�ed. If we also impose(5:14), then we must have
� > 3x2

k=(1 � � 2). Now if � + is chosento have such a large value, then it is still the
casethat � � + (x) is unbounded below but � 0

� +
(x) < 0 on the interval [xk ; � 1]; see

Figure 3 where we use the value � = 15, which is su�cien tly large when xk = � 2.
By increasing� we have enlargedthe basin of attraction of the solution to include
the current iterate; thus a minimization method on � � should be expected to move
toward the solution x � = � 1, indicating that � � is a useful penalty function.

Example 3: ADLITTLE
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Figure 3: Penalty function for problem (4:8) after adjustment of penalty parameter.

The problem ADLITTLEfrom the Netlib LP collection [22] was usedby Fletcher
[19] to illustrate the di�culties of designinga robust penalty method. For the `1

penalty function to have a minimizer at the solution of this linear program, � must
be at least as large as roughly 3:31� 103.

Consider a penalty method that computesa step by minimizing (3:3), i.e. by
solving (3:4). We want to keepthe penalty parameter � assmall aspossibleto avoid
ill-conditioning and the desiredthreshold value of 3:31� 103 is unknown to the algo-
rithm at the outset. We expect that if we choosea value of � lessthan the threshold,
then the minimization of the penalty function will terminate without driving the con-
straints to zero and we will be alerted to increasethe penalty parameter. However,
Fletcher points out that if � is slightly lessthan 3:31 � 103, the function (3:3) be-
comesunbounded. Thereforea penalty method which doesnot dynamically update
the penalty parameterbasedon progressin linear feasibility will generatea sequence
of iterates that moves away from the feasibleregion. (We con�rmed this behavior
experimentally.)

We applied the exact penalty method implemented in Knitr o-Active which uses
Algorithm 5.1 to selectthe penalty parameter. Choosing � 0 = 10, setting the initial
trust region radius to a very large number (� 0 = 1010), and turning o� the scaling
featureof Knitr o, we observed that the algorithm immediately increasesthe penalty
parameter to 104 which is su�cien t to achieve feasibility, and solves the problem in
oneiteration. This is expected,becausefor a largeinitial trust region, the constraints
(5:15b)-(5:15d) are consistent and Algorithm 5.1 forcesthe penalty parameter large
enoughto achieve feasibility such that the solution of (5:10) correspondsto the solu-
tion of the original LP de�ned by ADLITTLE.

We repeated the experiment with � 0 = 10. This initial � 0 is small enoughsuch
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that the algorithm cannot achieve linear feasibility in one step. Although ADLITTLE
is a linear program, this information is not given to Knitr o-Active (which assumes
that the problem is a generalnonlinear program). As a result, it solvesa sequenceof
penalty problemsof the form (5:10), adjusting � and � asit progresses.The problem
was solved in 6 iterations, with a �nal value of the penalty parameter (achieved at
iteration 3) of 104. Thereforethe algorithm behavedasexpected,both with largeand
small initial trust regions. 2

We concludethis sectionwith someremarks about alternative strategiesfor up-
dating the penalty parameter. Onesimplestrategy is to choosea very largeand �xed
valueof � for all problems. The hope is that if a scale-invariant Newton-type method
is usedto generatesteps,the ill-conditioning introducedby a largepenalty parameter
may not be detrimental.

We experimented with running Knitr o-Active using an initial penalty param-
eter value of � = 105 and observed a degradation of performance. The number of
problems (from a subsetof the CUTEr test set) solved successfullywent from 485
out of 616 to 449. When we tested an initial value of � = 1010, the number of prob-
lems successfullysolved dropped to only 321. Many of the failures causedby large
valuesof � seemedto occur because,near the feasibleregion, there are often small
increasesin infeasibility due to nonlinearities in constraints or roundo� error in even
linear constraints. Becauseof the large value of � , these increasesdominated the
objective function improvement, and forcedthe method to take very small steps,and
sometimescompletelyprevented further progress.We concludethat the risks of using
excessively large penalty parametersare real indeed and that an adaptive strategy,
such as the onedescribed above is valuable in practice.

Other, moresophisticated,penalty update strategieshave beenproposedrecently.
Chenand Goldfarb [11] proposerulesthat update the penalty parameterasoptimalit y
of the penalty problem is approached; they are basedin part on feasibility and the
sizeof the multipliers. Ley�er et al. [29] considerpenalty methods for MPCCs and
describe dynamic criteria for updating the penalty parameter basedon the average
decreasein the penalizedconstraints. The methods proposedin Section5 di�er from
thesestrategiesin that they assessthe e�ect of the penalty parameteron the step to
be taken, basedon the current model of the problem.

6 Balancing Feasibilit y and Optimalit y in Other
Trust Region Metho ds

Algorithm 5.1 provides a strategy for balancingprogresson optimalit y and on feasi-
bilit y in an exact penalty method. In trust region SQP methods that computesteps
without regard to a penalty function there is alsoa needto balancethesetwo goals,
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and someof the proposedmethods for doing this are analogousto the procedure
described in the previoussection.

Consider a problem with equality constraints only. Trust region SQP methods
aim to computea step d by solving the subproblem

minimize
d

f (x) + r f (x)T d + 1
2dT Wd (6.19a)

subject to hi (x) + r hi (x)T d = 0; i 2 E; (6.19b)

kdk1 � � : (6.19c)

One way to ensurethat the constraints (6:19b)-(6:19c) are always compatible, is to
relax the linear constraints (6:19b). The question of how much to relax them is
delicate and is analogousto the questionof what value to give a penalty parameter.
A number of proposedmethods adopt strategies that, like Algorithm 5.1, proceed
by working on minimizing a measureof feasibility alone. Both Byrd and Omojokun
[6, 33], and Powell and Yuan [34] solve a problem of the form

minimize
v

kh(x) + r h(x)T vk2 (6.20a)

subject to kvk2 � � � ; (6.20b)

where � 2 (0; 1) and where h denotesthe vector with components hi (x); i 2 E.
The resulting step v is usually referred to as the normal step. Byrd and Omojokun
suggestthe value � = 0:8 in (6:20b) and computea total stepd by solving (6:19) with
(6:19b) replacedby the condition

hi (x) + r hi (x)T d = hi (x) + r hi (x)T v; i 2 E:

This is very similar to solving the subproblemwith � = 1 in step2 of Algorithm 5.1.
Thus the normal step v, and hencethe total step d, providesexactlythe best possible
decreasein the linearizedconstraints within the (shortened) trust region (6:20b).

Powell and Yuan replace(6:19b) with

kh(x) + r h(x)T vk2 � � k ; (6.21)

where � k is the optimal value of (6:20a) for somevalue of � 2 (0; 1). This has the

a vor of condition (5:13). Celis, Dennis and Tapia [10] also imposea constraint of
the form (6:21), but de�ne � as the value kh(x) + r h(x)T dC k2, wheredC is a Cauchy
(steepest descent) step for problem (6:20). In this respect it is di�eren t from the
approaches consideredearlier in the paper which aim for at least a fraction of the
optimal linear decrease,whereasCelis, Dennis and Tapia are satis�ed with a more
modest decrease. Additionally , Burke [5] describes a trust region method that is
similar to these.
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The approachesof Powell and Yuan and of Celis, Dennis and Tapia allow more

exibilit y in reducing the objective function, while the Byrd-Omojokun approach
involvesa subproblemthat is easierto solve. (The Byrd-Omojokun technique is at
the core of the interior-point option Knitr o-Interior/CG.) All of theseapproaches
sharethe property of requiring somewhatlessthan the level of linearized feasibility
that is attainable within the current trust region� k . Thus the � of (6:20b), the single
steepest descent step of Celis, Dennis and Tapia, and the � 1 of condition (5:13) used
in Algorithm 5.1 all play similar roles.

7 Penalt y Parameters in Merit Functions

The main goalof this paper hasbeento describe guidelinesfor dynamically updating
the penalty parameter in penalty methods for constrained optimization. However,
penalty parameterupdate strategiesare also important in methods that usea nons-
mooth penalty function only asa merit function, i.e., to judge the acceptability of the
step but not to determine the search direction. As noted previously, a condition like
(5:14) is also known to be e�ectiv e for merit functions usedwith trust-region meth-
ods. In this section,we point out that this condition is alsorelevant for choosingthe
penalty parametervalue in merit functions with line search methods.

Let us begin by considering trust region methods that use a nondi�erentiable
function like (2:2) as a merit function. After a step d is computed, thesemethods
adjust the penalty parameterso that the merit function is compatible with the step.
We have argued in the paragraph that contains condition (5:14) that, for penalty
methods, it is reasonableto select the penalty parameter � + so the decreasein the
model that produced the step is proportional to the product of � and the decrease
in the linearizedconstraints. This requirement was expressedas condition (5:14) for
an SQP-basedmethod. The samereasoningis valid for (non penalty) SQP methods
of the type described in the previoussection. Therefore, the condition (5:14) is still
appropriate, and we restate it here:

q� (0) � q� (d(� )) � � 2� [mx (0) � mx (d(� ))]: (7.22)

Several trust region algorithms [9, 13, 15, 28, 33] selectthe penalty parameter � + at
every iteration so that a condition like (7:22) is satis�ed. (Someof thesemethods
omit the factor � from the right side of (7:22). However, our numerical experience
indicates that when � is large, step acceptanceis more likely when � is included.)
This strategy hasproved to be e�ectiv e in the trust regionalgorithm implemented in
Knitr o-Interior/CG.

Line search methods, however, have generally had lesssuccessusing nonsmooth
merit functions. Several authors, most recently W•achter [36], report that `1 and `2

merit functions interfere unduly with good Newton steps, even if a mechanism to
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overcomethe Maratos e�ect is employed. The perception is that it is di�cult to
�nd rules for selectingthe penalty parameter that are e�ectiv e over a wide rangeof
problems. As a result, nonsmooth merit functions have often beendiscardedin favor
of smooth merit functions, such as augmented Lagrangians,or �lters [14, 20, 23, 31,
37].

It should be noted that historically line search methods have not enforceda con-
dition like (7:22), but rather have typically required that the penalty parameter be
chosento ensurethe computed step is a descent direction for the merit function.
Recently, however, Waltz et. al. [39] have reported good computational results for
a line search interior-point method that usesa nonsmooth merit function in which
the penalty parameter is selectedby condition (7:22). Their strategy was motivated
by computational e�ciency; we now analyzeit in the context of the updating guide-
lines of Section 5. For simplicity, we restrict our attention to equality constrained
optimization.

Let us considera method that computes the search direction d by solving the
Newton-KKT system

�
W r h(x)

r h(x)T 0

� �
d
d�

�
= �

�
r xL(x; � )

h(x)

�
; (7.23)

whereL is the Lagrangianof the nonlinearprogram(2:1), and W is an approximation
to r 2

xx L that is positive de�nite on the null spaceof the Jacobianmatrix, r h(x)T .
The method then performsa line search to �nd a steplength� > 0 such that � � (x+ � d)
is su�cien tly smaller than � � (x), where

� � (x) = f (x) + � kh(x)k;

and k � k is a vector norm.
It follows from (7:23) that the step d satis�es

m(d) = kh(x) + r h(x)T dk = 0; (7.24)

i.e., d hasachieved the best possibledecreasein linear feasibility. Therefore,the up-
dating guidelinesof Section5 would simply require that inequality (7:22) be satis�ed
for someappropriate model q� . This model will be chosendi�eren tly than in the trust
region case.Following El Hallabi [16], Waltz et al. [39] de�ne

q� (d) = f (x) + r f (x)T d +
�
2

dT Wd + � kh(x) + r h(x)T dk; (7.25)

with

� =
�

1 if dT Wd > 0
0 otherwise.

(7.26)
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Note that (7:25) di�ers from (6:19) only in the parameter � . The new penalty pa-
rameter � + is required to satisfy condition (7:22), which by (7:24) can be written
as

q� (0) � q� (d) � � 2� kh(x)k (7.27)

(we removed the dependenceof d on � ). It follows from (7:25) that this condition
implies

� �
r f (x)T d + �

2 dT Wd
(1 � � 2)kh(x)k

� � TRIAL : (7.28)

The update rule for the penalty parameter is as follows. If � denotesthe penalty
parameter from the previous iteration, we de�ne the new parameterby

� + =
�

� if � � � TRIAL

� TRIAL + 1 otherwise.
(7.29)

The role of the term � in (7:25) is to ensurethat the direction computedby (7:23)
is a descent direction for � � + . It is not di�cult to show (seee.g. [32, p. 545]) that
the directional derivative of � � in the direction d is given by

D� � (x; d) = r f (x)T d � � kh(x)k: (7.30)

If � + satis�es (7:28) we have

D� � + (x; d) � � � 2� + kh(x)k; (7.31)

and therefored is a descent direction for the merit function � � + . This inequality is,
however, not always valid if � = 1 and dT Wd < 0.

The numerical tests reported in [37, 39] indicate that the strategy (7:28)-(7:29)
is e�ectiv e in practice. W•achter [37] madea controlled comparisonwith a �lter line
search method and found that the merit function strategy just describedappearsto be
ase�ectiv easa �lter approach in its abilit y to acceptgood steps. Our experiencewith
Knitr o-Interior/Direct also indicates that the strategy (7:28)-(7:29) is signi�cantly
moree�ectiv ethan choosing� simply to ensurethat (7:31) holds. The latter condition
implies

� �
r f (x)T d

(1 � � 2)kh(x)k
: (7.32)

By comparing (7:32) and (7:28) we seethat, when � > 0, the new strategy selects
a larger penalty parameter,placing more weight on the reduction of the constraints.
As a consequence,if the step d decreasesthe constraints but increasesthe objective,
it hasbetter chancesof being acceptedby the merit function.

In summary, the penalty update strategy (7:28)-(7:29) can be justi�ed for (non
penalty) line search methods, and hasproved to be e�ectiv e in practice. It is interest-
ing, that this strategy is consistent, and could have beenderived, from the updating
guidelinesproposed in this paper. It remains an open question, however, how to
extend our guidelinesto penalty line search methods.
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8 Final Remarks

The penalty update strategy presented in this paper is signi�cantly di�eren t from
most of the approachesdescribed in the literature. We take the view that choosingan
appropriate valueof � is not a simple task and requires,in somecases,the solution of
an auxiliary subproblem.Fortunately, in several algorithmic contexts this subproblem
adds little computational cost to the iteration.

Ac knowledgmen ts. We thank R. Fletcher for his comments in Example 3 con-
cerning problem ADLITTLE, and N. Gould for many valuable discussionson penalty
methods.
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