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Abstract

This paper reviews, extendsand analyzesa new classof penalty methods for
nonlinear optimization. These methods adjust the penalty parameter dynami-
cally; by cortrolling the degreeof linear feasibility achieved at every iteration,
they promote balanced progresstoward optimalit y and feasibility. In contrast
with classical approades, the choice of the penalty parameter ceasesto be
a heuristic and is determined, instead, by a subproblem with clearly de ned
objectives. The new penalty update strategy is presered in the context of
sequettial quadratic programming (SQP) and sequettial linear-quadratic pro-
gramming (SLQP) methods that use trust regionsto promote corvergence.
The paper concludeswith a discussionof penalty parameters for merit func-
tions usedin line seart methods.
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1 Intro duction

In recen years, there has been a resurgenceof interest in exact penalty methods
[1, 2, 11, 24, 27, 30, 35] becauseof their ability to handle degenerateproblemsand
inconsistert constrairt linearizations. Exact penalty methods have been used suc-
cessfullyto solve mathematical programswith complemetarit y constrains (MPCCs)
[3, 29, a classof problemsthat do not satisfy the Mangasarian-Fomovitz constraint
quali cation at any feasiblepoint. They are alsousedin nonlinear programming al-
gorithms to ensurethe feasibility of subproblemsand to improve the robustnessof
the iteration [8, 23]. In this paper we discussa new strategy for choosingthe penalty
parameterthat overcomeqat leastfor a classof algorithms) the di culties that have
plaguedpenalty methods for many years. The newstrategy steers penalty methods so
asto ensurebalancedprogresstoward feasibility and optimality. To selecta penalty
parameterthat achievesthis goal, one must solve an additional subproblemat some
iterations.

Penalty methods have undergonethree stagesof developmert sincetheir introduc-
tion in the 1950s.They were rst seenasvehiclesfor solving constrainedoptimization
problemsby meansof unconstrainedoptimization techniques. This approad hasnot
proved to be e ective, exceptfor special classesof applications. In the secondstage,
the penalty problem is replacedby a sequenceof linearly constrainedsubproblems.
Theseformulations, which are related to the sequetial quadratic programming ap-
proad, are much moree ectiv e than the unconstrainedapproad but they leave open
the questionof how to choosethe penalty parameter. In the most recert stageof de-
velopmen, penalty methods adjust the penalty parameterat every iteration soasto
achieve a prescribed level of linear feasibility. The choice of the penalty parameter
then ceasedo be a heuristic and becomesan integral part of the step computation.

An earlier form of the penalty update strategy discussedn this paper is presered
in [8], in the context of a successig linear-quadratic programming (SLQP) algorithm.
The goalof this paper is to analyzeand generalizethis strategyto allow its application
in other methods. In sections2 and 3 we presen the classicalpenalty framework and
the unconstrainedand linearly constrainedformulations. The limitations of existing
penalty parameter update strategiesare examinedin section4. The new penalty
strategy is preserted in section5 in the cortext of sequemial quadratic programming
(SQP) methods. Later in that sectionwe considerits application to an SLQP method
and discusssomemodi cation of the strategy preserted in [8]. In section6 we discuss
the relationship betweenthe new penalty method and other trust region approades.
We change the focus slightly in section 7, where we consider merit functions for
line sear® methods, and in particular, how to choosethe penalty parameterin this



cornext.

2 Classical Penalty Framew ork

We are concernedwith the solution of nonlinear programming problemsof the form

minimize  f (x) (2.1a)
subjectto  hj(x) =0, 12E; (2.1b)
Gg(x) 0 i21; (2.1c)

wherethe functionsf ;h;;g : IR" ! IR areassumedo be twice cortinuously di eren-
tiable. We canrephrase(2:1) asthe unconstrainedminimization of an exact penalty
function. In this paper we are interestedonly in nonsmath exact penalty functions
astypi ed by the "; function

X _ X
(x)=f(x)+ jhi(x)j + [G ()] ; (2.2)

i2E i2l
where
[yl = max(0;, y):

As is well known, for appropriate valuesof the penalty parameter , stationary points
of  areeither KKT points of the nonlinear program (2:1) or infeasible stationary
points; seee.g. [7]. This property is the most appealingfeature of exactpenalty meth-
ods becauseone choiceof may be adequatefor the ertire minimization procedure.
Exact penalty methods are therefore lessdependert on the penalty parameter than
the quadratic penalty method for which a sequenceof subproblemswith a divergen
seriesof penalty parametersmust be solved.

An algorithmic framework that forms the basisfor many penalty methods pro-
posedin the literature is asfollows. We presen it herein the context of the *; penalty
function.



Algorithm  2.1: Classical "; Penalty Metho d

Given (> 0, tolerance > 0, starting point Xxg;
for k=0;1,2;:::
Fing, an approximape minimizer x, of (X), starting at xg;
it e Thii)]+ iy [61(XK)]
STOP with approximate solution Xy;
else
Choosenew penalty parameter ¢+ > «;
Choosenew starting point X, ;
end (if )
end (for)

The minimization of the “; penalty function (x) is dicult becauseit is non-
smaooth. We cannot apply algorithms for smooth unconstrained minimization, and
generaltechniquesfor nondi erentiable optimization, suc as bundle methods [26)],
are not e cient in this context, asthey do not take accour of the special nature of
the nondi erentiabilities. As a result of theseobstacles,this unconstrainedapproad
is unlikely to be viable as a general purposetechnique for nonlinear programming.
On the other hand, it is well understood how to compute minimization stepsusing a
suitable model of  (x), aswe discussnext.

3 Linearly Constrained Reform ulation

A breakthroughin penalty methods (Fletcher [18]) wasthe introduction of algorithms
that computestepsd basedon a piecewisdinear-quadratic model of , in away that
resenbles SQP methods. The model is given by

— T 14T P ; T A
q(d) = FE)+rFEOTd+ JdWd+ T e b0+ hi(x)Tdj +
[G()+ 1 g(x)'d ; (3.3)

i2l
whereW is a symmetric matrix approximating the Hessianof the Lagrangian of the

nonlinear problem (2:1). The model g (d) is not smaoth, but we can formulate the
problem of minimizing it asa smooth quadratic programmingproblemby introducing



arti cial variablesr;, s;, and t;, asfollows:

. T 14T P P
minimize  f(x)+r f(x) d+ Sd"Wd+ oe(ri+s)+ i i (3.4a)

d;r;s;t
subjectto  hi(x)+r hj(x)"d=r; s: i2E; (3.4b)
g)+rg()'d  t; P21 (3.4¢)
rnst O (3.4d)
If a trust region constraint of the form kdk, is added, (3:4) is still a quadratic

program. We can solve (3:4) using a standard quadratic programming algorithm.

An important advantage of this approad is that by imposing (approximate) lin-
earizationsof the constrairs, the step d is often able to make balancedprogressto-
ward feasibility and optimality. In fact, whenthe arti cial variablesr;s;t are small,
(3:4) is closelyrelated to the sequetial quadratic programming (SQP) method which
is known to be very e ectivein practice. The step of a classicalSQP method is given

by

minimize  f(x)+r f(x)'d+ 1d"wd (3.5a)
d

subjectto  hi(x)+r hi(x)"d=0; i2E; (3.5b)

g(xX)+rg(x)'d 0 i21;: (3.5¢)

As is well known, howewer, the constraints (3:5h)-(3:5¢) can be inconsistert; in con-
trast problem (3:4) is always feasible. Thusthe penalty approad that computessteps
by (3:4) canbe seenasa regularizedSQP method in which the constrairts have been
relaxed.

Algorithms basedon the formulation (3:4), suc asthe S ;QP method of Fletcher
[18], have beenshown to possesgavorable global corvergenceproperties. They were
implemerted in the 1980sand early 1990s,and although they appear to have per-
formed well on sometests, they werenever incorporated into production-quality soft-
ware. We conjecture that this was mainly due to the diculties of choosing the
penalty parameter. Without a reliable update procedurefor , it is not possibleto
obtain uniform robustnessand e ciency over a range of problems.

4 The Crucial Role of the Penalty Parameter

The strategy for choosing and updating the penalty parameter  is crucial to the
practical succes®f the classical ; penalty method of section2. If the initial choice o
is too small, many cyclesof the generalframework outlined in section2 may be needed
to determinean appropriate value. In addition, the iterates may move away from the
solution in theseinitial cycles,in which casethe minimization of | (x) should be
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Figure 1: Penalty function for problem (4:6) with > 1 (left) and < 1 (right).

terminated early, and xi should possibly be resetto a previous iterate. If, on the
other hand,  is excessiely large, the penalty function may be dicult to minimize
asemphasizingconstraint feasibility too much may leadto small steps(or the rejection
of good steps),possiblyrequiring a large number of iterations. The di culties caused
by an inappropriate value of areillustrated in the following examples.

Example 1. Considerthe problem:
min X subectto x 1; (4.6)
whosesolution is x = 1. We have that

a1 HIx+ ifx<1
X if x 1.

(x) = (4.7)
The penalty function hasa minimizer at x = 1when > 1, but is a monotonically
increasingfunction when < 1; seeFigure 1. If, for example,the current iterate
is Xk = 1=2 and < 1, then almost any implemertation of a penalty method will
give a step that moves away from the solution. This behavior will be repeated,
producing increasinglypoorer iterates, until the penalty parameteris increasedabove
the threshold value of 1. 2

To attempt to overcomethesedi culties, se\eral strategieshave beenproposed
to update  at ewery iteration instead of waiting for the approximate minimization



of (X) to becompleted. One strategy isto set y to be modestly largerthan k k;
where | is the current Lagrange multiplier estimate. This choice is basedon the
theory of penalty functions [25 which statesthat in a neighborhood of a solution x
satisfying certain regularity assumptions, ¢ can be setto be any value larger than
k ki ,where isavectorof optimal Lagrangemultipliers for (2:1). Computational
experiencehas shavn, however, that this strategy is not generally successfubecause
it may producean overly large penalty parameter (if an intermediate Lagrangemul-
tiplier estimate  becomesexcessiely large) or an underestimatethat may lead to
the di culties just descriked.

Even if we knew an appropriate value of  at the solution x , this value may be
inadequateat the starting point or at iterates away from the solution. The following
exampleshows that it is not possibleto prescribe in advancea value of the penalty
parameterthat is adequateat ewvery iteration.

Example 2. Considerthe problem:
min x3  subjectto x 1: (4.8)
The correspnding “; penalty function is:
(x) = x>+ max(0; x 1)

The solutionx = 1of(4:8)isalocalminimizerof providedthat > 3. Howewer,

is unboundedbelov asx! 1 , andfor any value of , there is a starting point
Xo, SUd that there is no decreasingpath in  from X, to x ; seeFigure 2. For sud
a starting point, say Xo = 2 in Figure 2, a local optimization algorithm cannot be
expectedto nd x by minimizing . 2

In spite of this, one could considerthe heuristic strategy of setting the penalty
parameterto a very large value (say 10'°) and keepingit xed throughout the opti-
mization process.The hope is that sud a value may be adequatefor most problems
(and starting points) at hand. As we discussin the next section, this is not to be
recommendedbecauseexcessiely large penalty parameterscan lead to ine cien t
behavior, damagingroundo errors, and failures.

The di culties of choosingappropriate valuesof  in penalty methods[17] caused
nonsmath penalty methodsto fall out of favor during the early 1990sand stimulated
the developmert of Iter methodswhich do not require a penalty parameter[20]. The
new approad for updating the penalty parameter discussedin Section5 promises,
howewer, to resole the di culties mentioned above. By requiring that ead stepmake
progressin linear feasibility that is proportional to the optimal possibleprogress.the
new strategy will automatically increasethe penalty parameterin the examplesabove
and overcomethe undesirablebehavior just descriked.
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Figure 2: Penalty function for problem (4:8) with = 10.

5 A New Penalty Parameter Up date Strategy

We now proposea set of guidelinesfor updating the penalty parameterthat can be
implemenrted in a variety of exact penalty methods. We presen them rst in the
corntext of a sequetial quadratic programming method, and apply them later to a
sequetial linear-quadratic programming method.

We noted in Section 3 that a penalty-SQP method computes steps by solving
problem (3:4). In a trust region variant of this approad, the subproblemtakesthe
form [17, 1§

X X

minimize  f(x)+r f(x)Td+ %dTWd+ (ri + si) + ti (5.9a)
dirisit i2E i2l

subjectto  hy(xX)+r hi(x)"d=r; s; i2E; (5.9b)

g(x)+rg(x)'d t;, i21; (5.9¢)

kdk, (5.9d)

ris,t 0O (5.9¢)

where is atrust regionradius. The problem (5:9) is always feasiblebut the choice
of the penalty parameter in uences the quality of the step. Rather than employ-
ing heuristics, our strategy considersthe optimal improvemert in linear feasibility
achievable inside the trust region. This will help us determine the amourt of fea-
sibility improvemern that is reasonableto expect from (5:9). Thus we considerthe

auxiliary subproblem
X X
minimize (ri+ s+ ti (5.10a)
dirisit i2E i2l



subjectto  hy(xX)+r hi(x)"d=r; s; i2E; (5.10b)
GO +rag)d t; P21 (5.10¢)
kdk, ; (5.10d)
rps;t o (5.10e)

which can be viewed as a specialization of (5:9) with
linear program (LP).
The proposedguidelinesfor updating the penalty parameterare as follows.

1 . Note that (5:10)is a

Up dating Guidelines

1. If there is a step d that lies inside the trust region (5:10d) and satis es the
linearized constrairnts

hi(x)+r hy(x)"d=0; i2E; (5.11a)
Gg)+rgx)d 0 i21; (5.11b)

we should compute sud a step. In other words, the penalty parameterstrategy
should choose large enoughin this casethat all arti cial variablesr;s;t in
(5:9) are zero.

2. If there is no step inside the trust region (5:10d) that satis es the constrains
(5:11a)-(5:11b), choose sothat the reduction in the infeasibility of the con-
straints (5:11a)-(5:11b) is proportional to the best possiblereduction, which is
de ned asthe reduction obtainedwith = 1 (i.e. by solving (5:10)).

3. In addition to the two previousrequiremerts on the step d, we want the change
in the penalty function to be a good measureof progressmadeby d. Thuswhen
the stepyields a large reduction in the linear model

X X
me(d) = jh)+ 1 hi)Tdi+  [g(x)+ T g(x)"d] (5.12)

i2E i2l

of the constraints, should be chosenlarge enoughsud that the reduction in
the quadratic model (3:3) of the penalty function is large also.

A more precisedescription of these guidelinesis as follows. Let d( ) denotethe
solution of the quadratic program (5:9) for a givenvalue , and denoteby d( ; ) the
solution of (5:10). (We can alsoview d( ; ) asa minimizer of my(d) subject to the
trust region constrairt (5:10d).)

The rst guideline asksthat if my(d( 1)) = O, then the penalty parameter .
chosenat the currert iteration should be large enoughsud that my(d( +)) = 0. The



secondrequiremen stipulates that, when the linearized constrairts are not feasible,
+ Should ensurethat

Mx(0)  mx(d( +))  a[mx(0)  my(d( 1)) (5.13)

where ; 2 (0;1) is a prescribed parameter.

Beyondthesetwo conditions, the third condition requiresthat the penalty function
give su cien t recognitionto improvemert in feasibility in orderto promoteacceptance
of a good step. Supposethe step d( ) that minimizesq, makesgood progresson
feasibility, so that the rst two conditions are satis ed, but decreasesy, by only
a small amourt. Then, nonlinearities in the objective f and constraints h; g, could
overwhelmthis smallimprovemert, and the stepd( .) could causethe actual value of
the penalty function , to increaseandthusberejected. To prevert this undesirable
behavior, after computing a trial value . of the penalty parametersothat the rst
two requiremerts are satis ed, we increaseit further if necessaryto ensurethat

q.0) a.(d(+) 2 +[M(0) my(d( +)); (5.14)

where , 2 (0;1): We note that a condition similar to (5:14) has beenusedfor the
merit function in a variety of trust region methods [9, 13, 15, 28, 33] that compute
stepsd without referenceto a penalty function.

We summarizethe discussionby providing a concretestrategy that implemerts
the guidelinesdescriked above.

Algorithm 5.1: Penalty Parameter Up date Strategy

Initial data: (xx, k 1, k) andthe parameters ; and ».

1. Solwe quadratic program (5:9) with (Xx, « 1; k) to getd( ¢ 1). If
d( « 1) is linearly feasible(i.e., my, (d( « 1)) = 0), set . k 1 and
proceedto step 4.

2. Solwethe linear program (5:10) to getd( 1 ). If d( 1 ) islinearly feasible,
choosesome ;. 2 ( x 1; 1] sud that my, (d( +)) = 0 and proceedto
step 4.

3. Choosesome : 2 [ ¢ 1; 1 ]sud that d( +) satis es (5:13).

4. If , satises (5:14), set | +; elsechoose, ¢ >  sud that d( )
satis es (5:14).




A variant of this algorithm would treat the linear feasibleand infeasiblecasesqually.
Instead of insisting that m,(d( +)) = 0 whenewer d( ;) is linearly feasible,one can
acceptany trial valuesof that satisfy (5:13). We expectthis approadt to be e ective
in practice, but to ensurea fast rate of corvergencethe parameter ; must vary, and
asthe iterates approad a solution, it must corvergeto 1.

Another variant consistsof not recomputing the vector d( ) in step 4 of Algo-
rithm 5.1. Instead, we can keepthe vector d( .) from the previous steps of Algo-
rithm 5.1 and increase asnecessaryto satisfy condition (5:14).

Algorithm 5.1 may call for additional solvesof the linear and quadratic programs
given by (5:10) and (5:9) to determine an appropriate value of . Theseextra solves
are potentially expensiwe, but the hope is that the additional expenseis o set by a
reduction in the number of iterations of the SQP method. We have not yet deweloped
a software implemertation of the penalty SQP method just outlined, and therefore,
cannotevaluate the computational tradeo s of the penalty update strategy. Howeer,
we have produced a software implemertation for the SLQP method discussednext,
and the results are highly encouraging.

5.1 Application to a Sequential Linear-Quadratic Program-
ming Metho d

SLQP methods [8, 12, 21] compute a step in two stages. First, a linear program
(LP) is solwed to identify a working set W. Then an equality constrainedquadratic
program (EQP) is solved in which the constrairts in the working setW are imposed
as equalities, while the remaining constrairts are temporarily ignored.

The needfor a penalty function arisesin the linear programming phasewhich has
the form

minimize  f(x)+r f(x)'d (5.15a)
d

subjectto  hi(x)+r hi(x)'d=0; i2E (5.15b)

g(X)+rg(x)'d 0 2l (5.15c¢)

kdk, (5.15d)

A trust regionconstraint is necessaryn (5:15)to ensurethat the LP is not unbounded;
it alsoencourageghat only locally active constrairns are addedto the working set.
As before,we can ensurethe feasibility of the constrairts (5:150)-(5:15d) by following
an " ; penalty approad. Thus we reformulate the LP phaseas

X X
minimize  f(x)+r f(x)Td+ (ri+s)+ t; (5.16a)
dir;sit i2E i2l

subjectto  hi(x)+r hy(x)'d=r; s; i2E (5.16b)



g)+rg()'d t; i2l (5.16¢)
kdk, (5.16d)
rps;t O (5.16e)

We denote the solution of this problem as d¥( ). The penalty update guidelines
will be applied to choosea suitable penalty parametervalue for problem (5:16). The

constrairts active at the solution of this LP are usedto determine a working set W

of equality constrairts, subject to which a quadratic model of the penalty function is
minimized. The total step of the algorithm is a combination of the stepsobtained in

the linear programming and equality constrainedphases;see[8, 21].

The subproblem(5:16) is identical to (5:9) exceptfor the absenceof the quadratic
term %dTWd in (5:9a), but this doesnot alter in any way the goalsof our updating
strategy. Instead of the quadratic model q (d) given by (3:3), we now considerthe
following piecewisdinear model of

X X
C(d) =)+ )T+ jhi(x)+r hi(x)"dj+ [g0)+r g(x)'d : (5.17)

i2E i2l

Algorithm 5.1is applicablein the SLQP cortext, with the following changes.We
denote by d** ( ;) the solution of (5:10). Throughout Algorithm 5.1, we make the
replacemend d¥, and condition (5:14) takesthe form

L0 L@ 2 [M(0) My (d (L)) (5.18)

The strategy given in Algorithm 5.1 hasbeenimplemerted in the SLQP method
that forms part of the Knitr o 4.0 software padkage[38]; it is available under the
option Knitr o-Active. It initializes ¢ = 10 at the beginning of the algorithm, and
sets ;1 = 0:1in (5:13)and , = 0:5in (5:14). The implemertation of Steps2, 3 and 4
is achieved by increasing 1 by a factor of 10 and re-solving(5:16) until the desired
condition is satis ed. (An earlier versionof this penalty update strategy is descriked
in [8].)

Numerical tests with Knitr 0-Activ e indicate that Algorithm 5.1 is substartially
more e cient and robust than classical strategiesthat use a more static penalty
update strategy. Although Algorithm 5.1 calls for potertially many extra linear
programsto be solved in selectingthe penalty parameter, the cost of these extra
LPs hasprovedto be fairly smallin practice for two reasons.Firstly, we have noticed
that the strategy descrited in Algorithm 5.1 typically nds an adequatevalue of the
penalty parameter quickly, after which it stabilizes resulting in a small number of
extra LPs and a reduction in the overall number of outer iterations comparedwith
other heuristic techniquesfor modifying the penalty parameter. Secondly whenusing
a simplex method, the extra LPs with varying valuesof which needto be solved
aretypically solved very quickly usingwarm starts. In our tests on a large set of test



problems, we found that the number of simplex iterations usedin solving the extra
LPs was lessthan three percen of the total number of simplex iterations usedin
computing the stepsd actually taken.

A global convergenceanalysisof a penalty SLQP method is givenin [7]. In this
study, condition (5:14) is replacedby the lessrestrictive condition

L0 T (dTCL) 2 +[m(@) My (dT (1 )

sothat the analysisis of broad applicability.

5.2 Behavior on Three Examples

Let us examinethe behavior of the penalty update strategy of Algorithm 5.1 on the
two examplesgiven in section4 and on a linear programming problem studied by
Fletcher [19].

Example 1, Revisited.

Supposethat xx = 1=2, ¢ ; = 0:1 andthat W = 0in (5:10). Let us denotethe
current trust regionradius by . For this value of , the arti cial variablet is not
zeroand the step generatedby (5:10) would move away from the solution. For =1
we seethat if | % then the arti cial variable t will be setto zeroand the stepd
will be feasible. Algorithm 5.1 would then increase until t is drivento zero, that
is, it will choose 1. On the other hand, if < 3 then by setting = 1 the
arti cial variable t is not driven to zero, but takesthe value% k. Algorithm 5.1
will choose  to satisfy (5:13), which in this caserequires > 1forany ; 2 (0;1).
In either casethe algorithm will perform asdesired.

Example 2, Revisited.

For simplicity, we assumeagainthat W = 0in (5:10). At aniterate x, < 1we
havethat m,(d) = max( xx 1 d;0),andd( ;)= min( «; 1 Xxx). Thelinearized
model of the penalty function is givenby * (d) = 3x2d+ max( xx 1 d;0). If
we want d( ) to make any progresson feasibility, we must have d( ) > 0, and this
canonly occurif > 3x2. If . is chosenthat large,then d( +) = min( ; 1
Xyx) = d( 1), and (5:13) is satis ed. If we alsoimpose(5:14), then we must have

> 321 ). Now if . is chosento have suc a large value, then it is still the
casethat | (x) is unboundedbelow but © (x) < 0 on the interval [x,; 1]; see
Figure 3 where we usethe value = 15, which is su ciently large whenx, = 2.
By increasing we have enlargedthe basin of attraction of the solution to include
the current iterate; thus a minimization method on  should be expectedto move
toward the solution x = 1, indicating that is a useful penalty function.

Example 3: ADLITTLE



Figure 3: Penalty function for problem (4:8) after adjustment of penalty parameter.

The problem ADLITTLErom the Netlib LP collection [22] was used by Fletcher
[19 to illustrate the diculties of designinga robust penalty method. For the ",
penalty function to have a minimizer at the solution of this linear program, must
be at leastaslarge asroughly 3:31 1C°.

Consider a penalty method that computesa step by minimizing (3:3), i.e. by
solving (3:4). We want to keepthe penalty parameter assmall as possibleto avoid
ill-conditioning and the desiredthreshold value of 3:31 10 is unknown to the algo-
rithm at the outset. We expect that if we choosea value of lessthan the threshold,
then the minimization of the penalty function will terminate without driving the con-
straints to zeroand we will be alerted to increasethe penalty parameter. Howeer,
Fletcher points out that if is slightly lessthan 3:31 10°, the function (3:3) be-
comesunbounded. Thereforea penalty method which doesnot dynamically update
the penalty parameterbasedon progressin linear feasibility will generatea sequence
of iterates that moves away from the feasibleregion. (We con rmed this behavior
experimertally.)

We applied the exact penalty method implemerted in Knitr o-Active which uses
Algorithm 5.1to selectthe penalty parameter. Choosing o = 10, setting the initial
trust region radius to a very large number ( o = 10'°), and turning o the scaling
feature of Knitr 0, we obsenedthat the algorithm immediately increaseghe penalty
parameterto 10* which is su cient to achieve feasibility, and solvesthe problem in
oneiteration. This is expected,becausdor alargeinitial trust region,the constrains
(5:150)-(5:15d) are consisten and Algorithm 5.1 forcesthe penalty parameterlarge
enoughto acdieve feasibility sud that the solution of (5:10) correspndsto the solu-
tion of the original LP de ned by ADLITTLE

We repeatedthe experimert with o = 10. This initial ¢ is small enoughsud



that the algorithm cannot achieve linear feasibility in one step. Although ADLITTLE
is a linear program, this information is not given to Knitr o-Active (which assumes
that the problemis a generalnonlinear program). As a result, it solvesa sequencef

penalty problemsof the form (5:10), adjusting and asit progressesThe problem

was solved in 6 iterations, with a nal value of the penalty parameter (achieved at

iteration 3) of 10*. Thereforethe algorithm behaved asexpected,both with large and

small initial trust regions. 2

We concludethis sectionwith someremarks about alternative strategiesfor up-
dating the penalty parameter. One simple strategy is to choosea very largeand xed
valueof for all problems. The hopeis that if a scale-irvariant Newton-type method
is usedto generatesteps,the ill-conditioning introducedby a large penalty parameter
may not be detrimental.

We experimerted with running Knitr o-Active using an initial penalty param-
eter value of = 10 and obsened a degradation of performance. The number of
problems (from a subsetof the CUTEr test set) solved successfullywent from 485
out of 616to 449. When we tested an initial value of = 10, the number of prob-
lems successfullysolved dropped to only 321. Many of the failures causedby large
valuesof seemedio occur becausenear the feasibleregion, there are often small
increasedn infeasibility due to nonlinearitiesin constrairts or roundo error in even
linear constrairts. Becauseof the large value of , theseincreasesdominated the
objective function improvemert, and forcedthe method to take very small steps,and
sometimescompletely prevented further progress.We concludethat the risks of using
excessiely large penalty parametersare real indeed and that an adaptive strategy,
sudh asthe onedescriked above is valuable in practice.

Other, more sophisticated,penalty update strategieshave beenproposedrecerily.
Chenand Goldfarb [11] proposerulesthat update the penalty parameterasoptimality
of the penalty problem is approated; they are basedin part on feasibility and the
size of the multipliers. Ley er et al. [29] considerpenalty methods for MPCCs and
descrike dynamic criteria for updating the penalty parameter basedon the average
decreaseén the penalizedconstraints. The methods proposedin Section5 di er from
thesestrategiesin that they assesshe e ect of the penalty parameteron the stepto
be taken, basedon the current model of the problem.

6 Balancing Feasibilit y and Optimalit y in Other
Trust Region Metho ds

Algorithm 5.1 provides a strategy for balancing progresson optimality and on feasi-
bility in an exact penalty method. In trust region SQP methods that compute steps
without regardto a penalty function there is alsoa needto balancethesetwo goals,



and some of the proposed methods for doing this are analogousto the procedure
descriled in the previoussection.

Consider a problem with equality constrairts only. Trust region SQP methods
aim to compute a step d by solving the subproblem

minimize  f(x)+ r f(x)"d+ id"wd (6.19a)

d
subjectto  hi(x)+r hi(x)"d=0; i2E; (6.19b)
kdk, : (6.19¢)

One way to ensurethat the constrains (6:1%)-(6:19c) are always compatible, is to
relax the linear constrairnts (6:1%). The question of how much to relax them is
delicate and is analogousto the questionof what value to give a penalty parameter.
A number of proposed methods adopt strategiesthat, like Algorithm 5.1, proceed
by working on minimizing a measureof feasibility alone. Both Byrd and Omojokun
[6, 33], and Powell and Yuan [34] solve a problem of the form

minimize  kh(x) + r h(x)T vk, (6.20a)

\'

subjectto  kvk; ; (6.20b)

where 2 (0;1) and where h denotesthe vector with componenrts h;(x); | 2 E.
The resulting step v is usually referredto asthe normal step. Byrd and Omojokun
suggestthe value = 0:8in (6:200) and computea total stepd by solving (6:19) with
(6:19%) replacedby the condition

hi(x)+r hi(x)Td= h(x)+r hi(x)Tv; i2E:

This is very similar to solvingthe subproblemwith = 1 in step2 of Algorithm 5.1.

Thusthe normal stepv, and hencethe total stepd, providesexactlythe best possible

decreasen the linearized constrains within the (shortened)trust region (6:200).
Powell and Yuan replace(6:19%) with

kh(x) + r h(x)Tvk,  ; (6.21)

where | is the optimal value of (6:20a) for somevalue of 2 (0;1). This hasthe
avor of condition (5:13). Celis, Dennis and Tapia [10] alsoimposea constraint of
the form (6:21), but de ne asthe valuekh(x) + r h(x)"d.k,, whered. is a Caudy
(steepest descel) step for problem (6:20). In this respect it is dierent from the
approades consideredearlier in the paper which aim for at least a fraction of the
optimal linear decreasewhereasCelis, Dennis and Tapia are satis ed with a more
modest decrease. Additionally, Burke [5] describes a trust region method that is
similar to these.
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The approadesof Powell and Yuan and of Celis, Dennis and Tapia allow more
exibilit y in reducing the objective function, while the Byrd-Omojokun approad
involves a subproblemthat is easierto solve. (The Byrd-Omojokun technique is at
the core of the interior-point option Knitr o-Interior/CG.) All of these approades
sharethe property of requiring somewhatlessthan the level of linearized feasibility
that is attainable within the currert trust region . Thusthe of (6:200), the single
steepest desceh step of Celis, Dennis and Tapia, and the ; of condition (5:13) used
in Algorithm 5.1 all play similar roles.

7 Penalty Parameters in Merit Functions

The main goal of this paper hasbeento descrike guidelinesfor dynamically updating
the penalty parameterin penalty methods for constrained optimization. Howeer,
penalty parameter update strategiesare alsoimportant in methods that usea nons-
mooth penalty function only asa merit function, i.e., to judge the acceptability of the
step but not to determinethe seard direction. As noted previously, a condition like
(5:14) is alsoknown to be e ectiv e for merit functions usedwith trust-region meth-
ods. In this section,we point out that this condition is alsorelevant for choosingthe
penalty parametervalue in merit functions with line seart' methods.

Let us begin by consideringtrust region methods that use a nondi erentiable
function like (2:2) as a merit function. After a step d is computed, these methods
adjust the penalty parametersothat the merit function is compatible with the step.
We have arguedin the paragraph that cortains condition (5:14) that, for penalty
methods, it is reasonableto selectthe penalty parameter . sothe decreasen the
model that producedthe step is proportional to the product of and the decrease
in the linearized constrains. This requiremen was expressedas condition (5:14) for
an SQP-basedmethod. The samereasoningis valid for (non penalty) SQP methods
of the type descrilked in the previous section. Therefore,the condition (5:14) is still
appropriate, and we restate it here:

q@) q(d()) 2 [Mm(0) my(d( )] (7.22)

Seweral trust region algorithms [9, 13, 15, 28, 33] selectthe penalty parameter . at
ewvery iteration sothat a condition like (7:22) is satis ed. (Some of these methods
omit the factor from the right side of (7:22). Howewer, our numerical experience
indicates that when is large, step acceptanceis more likely when is included.)
This strategy hasprovedto be e ectivein the trust regionalgorithm implemerted in
Knitr o-Interior/CG.

Line seardr methods, howewer, have generally had lesssuccesaising nonsmath
merit functions. Seweral authors, most recerlly Weadter [36], report that "; and ",
merit functions interfere unduly with good Newton steps, even if a medanism to



overcomethe Maratos e ect is employed. The perceptionis that it is dicult to
nd rules for selectingthe penalty parameterthat are e ective over a wide range of
problems. As a result, nonsmath merit functions have often beendiscardedin favor
of smooth merit functions, sud as augmerned Lagrangians,or lters [14, 20, 23 31,
37].

It should be noted that historically line seart» methods have not enforceda con-
dition like (7:22), but rather have typically required that the penalty parameter be
chosento ensurethe computed step is a desceh direction for the merit function.
Recerly, howewer, Waltz et. al. [39) have reported good computational results for
a line seart interior-point method that usesa nonsmadth merit function in which
the penalty parameteris selectedby condition (7:22). Their strategy was motivated
by computational e ciency; we now analyzeit in the cortext of the updating guide-
lines of Section5. For simplicity, we restrict our attention to equality constrained
optimization.

Let us considera method that computesthe seard direction d by solving the
Newton-KKT system

w r h(x) d _ r«L(x; ) .
fhx)T 0 d - hx) (7.23)
wherelL is the Lagrangianof the nonlinearprogram (2:1), and W is an approximation
to r 2 L that is positive de nite on the null spaceof the Jacobianmatrix, r h(x)T.
The method then performsaline seartito nd asteplength > Osudithat (x+ d)
is su cien tly smallerthan  (x), where

(x) = f(x) + kh(x)k;

and k k is a vector norm.
It follows from (7:23) that the step d satis es

m(d) = kh(x) + r h(x)Tdk = 0; (7.24)

i.e., d hasadieved the best possibledecreasen linear feasibility. Therefore,the up-
dating guidelinesof Section5 would simply require that inequality (7:22) be satis ed
for someappropriate model g . This model will be chosendi erently than in the trust
region case.Following El Hallabi [16], Waltz et al. [39] de ne

q(d) =)+ fe)Td+ sd"Wd+ kh(x) + 1 h()Tdk; (7.25)

with ¢ W
_ if dWd> 0
~ 0 otherwise. (7.26)

=



Note that (7:25) di ers from (6:19) only in the parameter . The new penalty pa-
rameter . is required to satisfy condition (7:22), which by (7:24) can be written
as
q() aq(d) 2 kh(x)k (7.27)
(we removed the dependenceof d on ). It follows from (7:25) that this condition
implies
rf(x)Td+ zd"wd .
(1 Z)kh(x)k TRIAL -
The update rule for the penalty parameteris as follows. If  denotesthe penalty
parameterfrom the previousiteration, we de ne the new parameter by
—_ If TRIAL
T ma. + 1 otherwise. (7.29)

(7.28)

The role of the term  in (7:25) is to ensurethat the direction computedby (7:23)
is a desceh direction for .. It is not dicult to shaov (seee.g. [32 p. 545]) that
the directional derivative of  in the direction d is given by

D (x;d)=rf(x)'d kh(x)k: (7.30)
If . satis es (7:28) we have
D .(x;d) 2 + kKh(x)k; (7.31)
and therefored is a desceh direction for the merit function ,. This inequality is,
howewer, not always valid if = landd"wd< 0.

The numerical tests reported in [37, 39] indicate that the strategy (7:28)-(7:29)
is e ective in practice. Wadter [37] made a cortrolled comparisonwith a Iter line
seart method and found that the merit function strategy just descriked appearsto be
ase ectiveasa Iter approad in its ability to acceptgood steps. Our experiencewith
Knitr o-Interior/Direct alsoindicatesthat the strategy (7:28)-(7:29) is signi cantly
moree ectivethan choosing simply to ensurethat (7:31) holds. The latter condition
implies

rf(x)'d
(1 2)kh(x)k
By comparing (7:32) and (7:28) we seethat, when > 0, the new strategy selects
a larger penalty parameter, placing more weight on the reduction of the constrairts.
As a consequenceif the step d decreaseshe constrairts but increaseghe objective,
it hasbetter chancesof being acceptedby the merit function.

In summary the penalty update strategy (7:28)-(7:29) can be justied for (non
penalty) line seard methods, and hasprovedto be e ectivein practice. It is interest-
ing, that this strategy is consisten, and could have beenderived, from the updating
guidelines proposedin this paper. It remains an open question, howewer, how to
extend our guidelinesto penalty line seart methods.

(7.32)



8 Final Remarks

The penalty update strategy presened in this paper is signi cantly dierent from
most of the approadiesdescrikedin the literature. We take the view that choosingan
appropriate valueof is not a simpletask and requires,in somecasesthe solution of
an auxiliary subproblem. Fortunately, in seweral algorithmic contexts this subproblem
addslittle computational costto the iteration.
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methods.
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