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Abstract

An interior-p oint method for nonlinear programming is presented. It enjoys the

exibilit y of switching betweena line search method that computessteps by factoring
the primal-dual equations and a trust region method that usesa conjugate gradient
iteration. Stepscomputed by direct factorization are always tried �rst, but if they are
deemedine�ectiv e, a trust region iteration that guaranteesprogresstoward stationar-
it y is invoked. To demonstrate its e�ectiv eness,the algorithm is implemented in the
Knitr o [6, 28] software package and is extensively tested on a wide selection of test
problems.

1 In tro duction

In this paper we describe an interior method for nonlinear programming and discuss its
software implementation and numerical performance. A typical iteration computes a pri-
mary step by solving the primal-dual equations(using direct linear algebra) and performs a
line search to ensuredecreasein a merit function. In order to obtain global convergencein
the presenceof nonconvexity and Hessianor Jacobian rank de�ciencies, the primary step is
replaced,under certain circumstances,by a safeguardingtrust region step. The algorithm
can useexact secondderivativesof the objective function and constraints or quasi-Newton
approximations.

The motivation for this paper is to develop a new interior point algorithm, implemented
in the Knitr o software package[28], which is more robust and e�cien t than either a pure
trust region or a pure line search interior approach. The algorithm implemented in the �rst
releaseof Knitr o [6] is a trust region method that usesa null-space decomposition and
a projected conjugate gradient iteration to compute the step. This iterativ e approach has
the advantage that the Hessianof the Lagrangian neednot be formed or factored, which is
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e�ectiv e for many largeproblems. The disadvantage is that the projected conjugategradient
iteration can be expensive when the Hessianof the Lagrangian of the nonlinear program
is ill-conditioned, in which caseit is preferable to use direct linear algebra techniques to
compute the step.

By designingthe algorithm so that it computesstepsusing direct linear algebra when-
ever the quality of these steps can be guaranteed, and falling back on a trust region step
otherwise, we can easily implement the new method within the existing Knitr o package.
Moreover, since the algorithm can reduce to a pure line search or a pure trust region ap-
proach, we are able to implement two di�eren t interior methods in a uni�ed algorithmic
and software framework.

The problem under consideration has the form

min
x

f (x) (1.1a)

s.t. h(x) = 0 (1.1b)

g(x) � 0; (1.1c)

where f : Rn ! R, h : Rn ! Rl and g : Rn ! Rm are twice continuously di�eren tiable
functions. A variety of line search interior algorithms have beenproposed[12, 16, 25, 27, 30],
several of which have beenimplemented in high-quality software packages[2, 25, 27]. The
search direction is computed in these algorithms by factoring the primal-dual system. In
order to achieve robustness, these line search approaches must successfullyaddress two
issues:

� How to de�ne the search direction when the quadratic model used by the algorithm
is not convex;

� How to handle rank de�ciency (and near de�ciency) of the Hessianof the Lagrangian
and constraint Jacobian.

The �rst issueis often addressedby adding a multiple of the identit y matrix to the Hessianof
the Lagrangian in order to convexify the model. This strategy was�rst shown to bee�ectiv e
in the context of nonlinear interior methods by the Loqo software package[25]. The second
issue is handled di�eren tly in each software implementation. The di�culties causedby
rank de�cient constraint Jacobiansare sometimesaddressedat the linear algebra level by
introducing perturbations during the factorization of the KKT matrix [1]. Other approaches
include the use of `1 or `2 penalizations of the constraints, which provide regularization
[16, 24], and the useof a feasibility restoration phase[15, 27].

In this paper we describe a mechanism for stabilizing the line search iteration that is
di�eren t from those proposed in the literature. It consists of falling back, under certain
conditions, on a trust region step that is guaranteed to make progresstoward feasibility
and optimalit y. A challenge is to designthe algorithm so that there is a smooth transition
betweenline search and trust regionsteps. Wewill arguethat the algorithm presented in this
paper is not more expensive than other approaches, has favorable convergenceproperties,
and performs well on standard test problems.

Notation. Throughout the paper k � k denotesthe Euclidean norm.
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2 Outline of the Algorithm

We consideran interior method that replacesthe nonlinear program (1:1) by a sequenceof
barrier subproblemsof the form

min
z

' � (z) � f (x) � �
mX

i =1

ln si (2.1a)

s.t. h(x) = 0 (2.1b)

g(x) + s = 0: (2.1c)

Here s > 0 is a vector of slack variables,z = (x; s), and � > 0 is the barrier parameter. The
Lagrangian function associated with (2.1) is de�ned by

L (z; � ; � ) = ' � (z) + � T
h h(x) + � T

g (g(x) + s); (2.2)

where � h 2 Rl and � g 2 Rm are Lagrange multipliers and � = (� h ; � g). The �rst-order
optimalit y conditions for the barrier problem (2.1) can be written as

�
r f (x) + Ah(x)T � h + Ag(x)T � g

S� ge � �e

�
=

�
0
0

�
; (2.3)

together with (2.1b) and (2.1c) and the restriction that s and � g be nonnegative. Here S
and � g denote diagonal matrices whosediagonal entries are given by the vectors s and � g,
respectively, and Ah and Ag are the Jacobian matrices of h and g.

Applying Newton's method to the system (2.3), (2.1b), (2.1c), from the current iterate
(z; � ) results in the primal-dual system

�
W (z; � ; � ) A(x)T

A(x) 0

� �
dz

d�

�
= �

�
r zL (z; � ; � )

c(z)

�
; (2.4)

where we have de�ned

dz =
�

dx

ds

�
; d� =

�
dh

dg

�
; c(z) =

�
h(x)

g(x) + s

�
(2.5)

and

A(x) =
�

Ah(x) 0
Ag(x) I

�
; W (z; � ; � ) =

�
r 2

xx L (z; � ; � ) 0
0 S� 1� g

�
: (2.6)

The new iterate is given by

z+ = z + � zdz; � + = � + � � d� : (2.7)

The steplengths� z and � � are computed in two stages.First we compute

� max
z = maxf � 2 (0; 1] : s + �d s � (1 � � )sg (2.8a)

� max
� = maxf � 2 (0; 1] : � g + �d g � (1 � � )� gg; (2.8b)
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with 0 < � < 1 and typically closeto one. (In our tests we use � = :995.) The algorithm
then performs a backtracking line search that computessteplengths

� z 2 (0; � max
z ]; � � 2 (0; � max

� ]; (2.9)

providing su�cien t decreasein a merit function (to be de�ned below). The procedure for
updating the barrier parameter � is described in Section 3.5.

The iteration (2:4)-(2:7) provides the basis for most line search interior methods. This
remarkably simple approach must, however, be modi�ed to cope with non-convexity and
to prevent convergenceto non-stationary points [7, 26]. Instead of modifying the primal-
dual matrix, as is commonly done, we usea safeguardingtrust region step to stabilize the
iteration, for two reasons. First, when W is not positive de�nite on the null-space of A
(the negative curvature case),adding to W a multiple of the identit y matrix may introduce
undesirabledistortions in the model and canalsorequire several factorizations of the primal-
dual system. In the negative curvature case,we prefer to compute a descent direction using
a null spaceapproach in which the tangential component of the step is obtained by using
a projected Krylo v iteration, as is done with conjugate gradients in the Knitr o package
[28], or using a Lanczosmethod, as is done in the GALAHAD package[19].

Second,we would like to take advantage of the robustnessof trust region steps in the
presenceof Hessianor Jacobian rank de�ciencies. We have in mind trust region methods
that provide Cauchy decreasefor both feasibility and optimalit y at every iteration. Sinceit
is known that, when line search iterations convergeto non-stationary points, the steplengths
� z or � � in (2:7) converge to zero, we monitor these steplengths. If they becomesmaller
than a given threshold, we discard the line search iteration (2:4)-(2:7) and replaceit with a
trust region step. The resulting algorithm possessesglobal convergenceproperties similar
to those of the algorithms implemented in Fil terSQP [15] and Knitr o [5].

We outline the method in Algorithm 2.1. There � � (z) denotesa merit function using
a penalty parameter � , and D � � (z; dz) denotes the directional derivative of � � along a
direction dz. An inertia-revealing symmetric inde�nite factorization [4] of the primal-dual
matrix in (2:4) provides its number of negative eigenvalues. If this number exceedsl + m,
then dz cannot be guaranteed to be a descent direction (see,e.g., [21, Lemma 16.3]), and
the primal-dual step is discarded.
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Algorithm 2.1 Outline of the Interior Algorithm
Choose z0 = (x0; s0) and the parameters 0 < � , 0 < � < 1 and an integer imax. Com-
pute initial values for the multipliers � 0, the trust-region radius � 0 > 0, and the barrier
parameter � 0 > 0. Set k = 0.

Rep eat until a stopping test for the nonlinear program (1.1) is satis�ed
Rep eat until a termination test for the barrier problem (2.1) is satis�ed

Factor the primal-dual system(2.4) and record the number neig
of negative eigenvaluesof its coe�cient matrix.
Set LineSearch = False .
If neig � l + m

Solve(2.4) to obtain the search direction d = (dz; d� ).
Compute � max

z ; � max
� using (2:8a),(2:8b).

If minf � max
z ; � max

� g > �
Set j = 0, � T = 1.
Rep eat while (j � imax), (� T > � ) and LineSearch == False

If � � (zk + � T � max
z dz) � � � (zk ) + � � T � max

z D� � (zk ; dz)
Set � z = � T � max

z , � � = � T � max
� .

Set zk+1 ; � k+1 using (2:7).
Compute � k+1 and set LineSearch = True.

Else
Set j  j + 1.
Choosea smaller value of � T .

Endif
End Rep eat

Endif
Endif
If LineSearch == False

Compute (zk+1 ; � k+1 ) using a globally convergent safeguarding
trust region method.
Compute � k+1 .

Endif
Set � k+1  � k .
Set k  k + 1.

End Rep eat
Reset the barrier parameter � k so that � k < � k� 1:

End Rep eat
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In our tests we choose� = 10� 8, � = 10� 5, and imax=3. The initial multipliers � 0 are
computed by least squares.When the line search step is discarded(the last If-Endif block),
we compute one or more trust region steps until one of them provides su�cien t reduction
in the merit function. If the �rst steplength is not acceptable, we may, under certain
circumstances,compute a second-ordercorrection step before beginning the backtracking
line search. This is described in Section 3.2.

One could consider an algorithm that, instead of switching between the two methods,
would follow a dog-leg approach. Cauchy and Newton steps would be computed at every
iteration, and the algorithm would move along a direction in the span of these two steps.
We have not followed such an approach for two reasons. First, computing a Cauchy step
that ensuresprogresstoward feasibility and optimalit y requiresthe factorization of a system
di�eren t from the primal-dual matrix [5, 30]. Hencecomputing Cauchy and Newton stepsat
every iteration is too expensive, and one should resort to the computation of Cauchy steps
only when needed. Second,a dog-leg approach is not well de�ned in the caseof negative
curvature, where a Newton-CG iteration [23] is more appropriate. Theseobservations and
the fact that the �rst releaseof Knitr o implements a Newton-CG iteration motivated us
to follow the approach just outlined.

Many details of Algorithm 2.1 have not beenspeci�ed and will be discussednext.

3 Complete Description of the Algorithm

In this section we discussin detail the important aspects of the algorithm excluding the
safeguardingtrust region steps, which are described in [6] and are computed in practice
with Knitr o. Therefore, throughout this section we will focus mainly on the line search
steps.

3.1 Merit Function

The merit function is de�ned by

� � (z) = ' � (z) + � kc(z)k; (3.1)

where ' � is the barrier function de�ned in (2:1a), the constraints c(z) are given by (2:5),
and � > 0 is the penalty parameter, which is updated at each iteration so that the search
direction dz given by (2:4) is a descent direction for � � .

Our update rule for � , proposedin [13], is inspired by trust region methods. Instead of
requiring only that the directional derivative of � � be negative, as is commonly done, we
choose� basedon the decreasein a quadratic/linear model of the merit function achieved
by the step d.

In trust regionmethods,a stepd is acceptableif the ratio of actual to predicted reduction
of the merit function is greater than a given constant � > 0, that is,

ared(d)
pred(d)

> � :
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In this paper we de�ne
ared(dz) = � � (z) � � � (z + dz)

and
pred(dz) = �r ' � (z)T dz �

�
2

dT
z W dz + � (kc(z)k � kc(z) + A(x)dzk) ; (3.2)

with

� =
�

1 if dT
z W dz > 0

0 otherwise.
(3.3)

Here W stands for W (z; � ; � ) and is de�ned in (2:6). If � = 1, pred is the standard
quadratic/linear model of the merit function usedin a variety of trust region methods; see
[9]. We allow � to have the value zero because,as we argue below, including the term
dT

z W dz in (3:2) when it is negative could causethe algorithm to fail.
Following [6, 13], we choosethe penalty parameter � so that

pred(dz) � �� kc(z)k; (3.4)

for someparameter � 2 (0; 1). (In our tests we use the value � = 0:1.) From (3:2), (3:4),
and the fact that the step dz computed from (2:4) satis�es c(z) + A(x)dz = 0, we get that

� �
r ' � (z)T dz + �

2 dT
z W dz

(1 � � )kc(z)k
� � TRIAL : (3.5)

The update rule for the penalty parameter � is

� + =
�

� if � � � TRIAL

� TRIAL + 1 otherwise.
(3.6)

To show that this choice of � guarantees that dz is a descent direction for � � , we note
that (3:5) and the de�nition of � imply that

r ' T
� dz � � kc(z)k � � �� kc(z)k:

Sincethe directional derivative of � � along dz is given by

D � � (z; dz) = r ' T
� dz � � kc(z)k (3.7)

(see,for example, [21, p. 545]) we have that

D � � (z; dz) � � �� kc(z)k: (3.8)

Note, however, that this argument would not hold if � were de�ned as 1 when dT
z W dz < 0,

for then dz might not be a descent direction for the merit function. (When c(z) = 0, we
can set � + = � becauseit is easyto show that in this caseD � � (z; d) < 0.)

We have experimented with other update proceduresfor � that directly impose(3:8).
One of them is given by (3:5) but with � always equal to 0 (see,for example, [9]). We have
observed that the rule described in this section, which may include curvature information
about the Lagrangian, givesconsistently better results. Note that including the term dT

z W dz

in (3:5) leads to larger estimates of the penalty parameter than when this term is not
included.
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3.2 Line Search and Second-Order Correction

After computing the primal-dual direction (dz; d� ) de�ned by (2:4), we determine the
steplengths to the boundary, � max

z and � max
� satisfying the inequalities (2:8a)-(2:8b). If

both are greater than the threshold � , then we perform a backtracking line search that
generatesa seriesof steplengths(stored in the parameter � T in Algorithm 2.1) until one of
the following two conditions is satis�ed:

1. One of the steplengths� T < � , or the maximum number imax of backtracks is reached.
In this case, the line search is aborted, the primal-dual direction d = (dz ; d� ) is
discarded, and the algorithm invokes the safeguardingtrust region method. In our
practical implementation we set imax = 3.

2. A steplength � T satis�es the Armijo condition

� � (z + � T � max
z dz) � � � (z) + � � T � max

� D� � (z; dz): (3.9)

In this case,the line search terminates successfully, and we de�ne � z = � T � max
z and

� � = � T � max
� .

The backtracking line search proceedsas follows. For j = 0 we set � T = 1 as indicated
in Algorithm 2.1. For j = 1, if the previous iteration was a line search iteration, we set
� T = 1=2; otherwise, if it was a trust region iteration, we set

� T = min
�

1
2

;
�

kdzk

�
;

where � is the current trust region radius. For j > 1, the new trial steplength is updated
by � T  � T =2:

The merit function (3:1) may reject stepsthat make good progresstoward the solution,
a phenomenonknown as the Maratos e�ect. This de�ciency can be overcomeby applying
a second-ordercorrection step (SOC), which is a Newton-like step that aims to improve
feasibility [14].

We apply the second-ordercorrection when the �rst trial steplength � T = 1 is rejected
and if the reasonfor the rejection can be attributed solely to an increasein the norm of
the constraints, that is, the secondterm in (3:1). More speci�cally , if the Armijo condition
(3:9) is not satis�ed for � T = 1, and if ' � (z + � max

z dz) � ' � (z), then before computing a
shorter steplength we attempt a second-ordercorrection step dsoc = (dsoc

z ; dsoc
� ) by solving

�
W AT

A 0

� �
dsoc

z
dsoc

�

�
=

�
�r ' � (z) � � max

z W dz � AT [� + � max
� d� ]

� c(z + � max
z dz)

�
; (3.10)

where A = A(x) and W = W (z; � ; � ). Using it, we de�ne the combined step

�dz = � max
z dz + dsoc

z ; �d� = � max
� d� + dsoc

� ; (3.11)
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and let �dz = ( �dx ; �ds) and �d� = ( �dh ; �dg). Next, we determine the largest positive scalars

 soc

z ; 
 soc
� 2 (0; 1], such that

s + 
 soc
z

�ds � (1 � � )s (3.12a)

� g + 
 soc
�

�dg � (1 � � )� g; (3.12b)

where � is the sameconstant as in (2:8), and we de�ne

zsoc = z + 
 soc
z

�dz; � soc = � + 
 soc
�

�d� :

If � � (zsoc) < � � (z), then we accept the second-ordercorrection step. Otherwise, we discard
dsoc and continuethe backtracking line search alongthe primal-dual step(dz ; d� ) by selecting
a new steplength (casej = 1 in Algorithm 2.1).

Note that in the left-hand side of (3:10), the matrices A and W are unchanged when
compared to the system from which d itself was computed|they are not evaluated at
z + � max

z dz. The right-hand side does not require any additional constraint evaluations
becausec(z + � max

z dz) has beenevaluated to measurethe desirability of d. Sincethe factor-
ization of the coe�cien t matrix has beenperformed during the computation of d, the total
cost of the SOC step is one forward solve and one backsolve, plus one additional evalua-
tion of the merit function (i.e., one additional function/constrain t evaluation) to test the
acceptanceof the SOC point.

3.3 Slack Resets

Given the form (3.1) of the merit function,

� � (z) = f (x) � �
mX

i =1

ln si + � kc(z)k;

and the fact that for �xed � > 0, the function � � ln si is a decreasingfunction of si , the
algorithm resetscertain slack components after each trial step in order to promote accep-
tance of the step by the merit function, while at the sametime improving the satisfaction of
the constraints. This reset is performedafter a line search or trust region step is computed,
and is as follows. Before the trial point z+ = z + � zdz is tested for acceptanceby the merit
function, the slack components s+

i = si + � z[ds]i for which the inequality � gi (x+ ) > s+
i is

satis�ed are reset to the value
s+

i = � gi (x+ ): (3.13)

Thus (3:13) increasesthe slacks, thereby decreasingfurther the barrier term in (3.1) and
improving the satisfaction of the constraints (2.1c), which decreasesthe penalty term kc(z)k.
Hence,this reset may only causethe merit function to decreasefurther.

3.4 NLP Stopping Test

Ideally, the stopping test shouldbeinvariant under the scalingof the variables,the objective,
and constraints. Achieving completescaleinvarianceis di�cult, however, and in caseswhen
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certain quantities approach zero, it is not desirable. The following tests attempt to achieve
a balancebetweenpracticalit y and scaleinvariance.

The stopping tolerances� opt and � feas are provided by the user. (In our tests they are
both set to 10� 6.) The algorithm terminates if an iterate (x; s; � ) satis�es

kr f (x) + Ah(x)T � h + Ag(x)T � gk1 � maxf 1; kr f (x)k1 g� opt (3.14a)

kS� gk1 � maxf 1; kr f (x)k1 g� opt (3.14b)

k(h(x); g(x)+ )k1 � maxf 1; k(h(x0); g(x0)+ )k1 g� feas ; (3.14c)

where g(x)+ = maxf 0; g(x)g and x0 is the starting point. When the maximum is not
achieved by 1, the scaling factor in (3:14a) makes this test invariant to scalings in f , c
and to linear changesof the variable x. The factor 1 is neededto safeguardthe test when
kr f (x)k is zero or nearly zero. The complementarit y test (3:14b) is basedon the fact that
the scale of s is dependent on the scale of c and the magnitude of � g is proportional to
kr f k=kAk. Thus (3:14b) is invariant to the scaling of f and c. (A more complex scaling
factor employing kAk would make it invariant to linear changesin the variables,but we use
the samescaling factors in (3:14a)-(3:14b) for simplicit y.)

The scalefactor for feasibility is di�cult to choose. If the constraints are linear, then
k(h(0); g(0)+ )k1 is an appropriate normalization factor becauseit measuresthe magnitude
of the right hand side vectors of all constraints. But sinceh(0) or g(0) may not be de�ned
in someproblems, we usethe initial point, x0.

3.5 Up date of � and Barrier Stopping Test

The sequenceof barrier parametersf � kg must convergeto zero,and should do soquickly if
possible. Superlinear rules for decreasing� have beenstudied in [11, 17, 22, 29], but they
employ various parameters that can be di�cult to select in practice. We use instead the
following simple strategy for updating � that has performed as well in our tests as have
more complicated superlinear rules. If the most recent barrier problem was solved in less
than three iterations, we set

� k+1 = � k=100;

otherwise
� k+1 = � k=5:

We now discussthe termination test for the barrier problem. Our experience is that
the choice of this stopping test signi�cantly a�ects the e�ciency and robustnessof interior
methods. For the current value of � , we choosetolerances� opt

� and � feas
� (de�ned below) and

imposethe following barrier stopping tests:

kr f (x) + Ah(x)T � h + Ag(x)T � gk1 � maxf 1; kr f (x)k1 g� opt
� (3.15a)

kS� g � �e k1 � maxf 1; kr f (x)k1 g� opt
� (3.15b)

k(h(x); g(x) + s)k1 � maxf 1; k(h(x0); g(x0)+ k1 g� feas
� : (3.15c)
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Note that the scaling factors are identical to those usedfor the NLP stopping test (3:14a)-
(3:14c) and that the left-hand sidesof thesetwo tests di�er only in the useof the additional
term � �e in (3:15b) and the useof g(x) + s rather than g(x)+ in (3:15c).

As we shall see,the tolerances� opt
� and � feas

� will be chosento be proportional to � most
of the time and thus becometighter as � decreases.We want to avoid letting � , � opt

� , and
� feas

� take unnecessarilysmall values becausethis can lead to signi�cant roundo� errors.
Therefore we determine the valuesof � , � opt

� , and � feas
� for which satisfaction of the barrier

stopping test automatically implies satisfaction of the NLP stopping test.
Since the scaling factors and left-hand sides for (3:14a) and (3:15a) are identical, any

point that satis�es (3:15a) automatically satis�es (3:14a) for all values � opt
� � � opt . Also,

from (3:15b) we have that for a given complementary pair si [� g]i that satis�es the barrier
stopping test

si [� g]i � � + maxf 1; kr f (x)k1 g� opt
� ;

and in order to also satisfy the NLP stopping test (3:14b), it must satisfy

si [� g]i � maxf 1; kr f (x)k1 g� opt :

Therefore an iterate (x; s) that satis�es (3:15b) also satis�es (3:14b) as long as

� opt
� � � opt � �= (maxf 1; kr f (x)k1 g): (3.16)

Hencea point that satis�es the barrier KKT stopping conditions (3:15a),(3:15b) alsosatis�es
the NLP KKT stopping conditions (3:14a),(3:14b) for all valuesof � opt

� that satisfy

� opt
� � � opt � �: (3.17)

Note that this condition is only valid when the right-hand side of (3:17) is non-negative
(i.e., � � � opt ).

For feasibility, sinces > 0, we have that

kg(x)+ k1 � kg(x) + sk1 :

Therefore from (3:14c) and (3:15c) it follows that for all

� feas
� � � feas (3.18)

the NLP feasibility test (3:14c) will be satis�ed if the barrier feasibility test (3:15c) is
satis�ed.

Subject to the minimum valuesgiven by (3:17)-(3:18), we set � opt
� and � feas

� equal to � � ,
where � is a �xed algorithm parameter (currently � = 1). The barrier stopping tolerances
are then determined by the following formulas:

� opt
� = maxf � �; � opt � � g (3.19)

� feas
� = maxf � �; � feas g: (3.20)

This choice ensuresthat we do not oversolve the barrier subproblem, but it does not
place any lower bound on the barrier parameter � . Although an overly small value of �
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will not causeus to oversolve the barrier subproblem becauseof the limits on the barrier
tolerancesestablishedabove, we still want to prevent � from becomingunnecessarilysmall
becausethis can lead to failure of the iteration.

From (3:19) and (3:20), satisfaction of the barrier stopping test implies satisfaction of
the NLP test if � � minf � opt =(1 + � ); � feas =� g. Currently � = 1; but to ensurethat we do
not restrict � unduly, we enforcea minimum value of � basedon the NLP tolerance

� min =
minf � opt ; � feas g

100
: (3.21)

3.6 Transition to and from Safeguarding Steps

If the line search step is not acceptable,the safeguardingtrust region algorithm is invoked.
It is desirable to provide this algorithm with a trust region radius � k that re
ects current
problem information. This strategy is particularly important when two safeguardingtrust
region steps are separatedby a long sequenceof line search steps. In addition to preserv-
ing the global convergenceproperties of trust region methods, the size of � k a�ects the
backtracking line search, as explained in Section 3.2.

The algorithm usesthe following strategy. If the most recent step was a successfulline
search step, dzk , we set

� k+1 = 2� zk kdzk k: (3.22)

Otherwise, if the most recent step was either a trust region step or a rejected line search
step, the trust region radius is updated according to standard trust region update rules.
In our implementation we follow the update strategy given in [6]. Also, in order to try to
avoid the repeatedcomputation of unsuccessfulline search steps,if a trust region iteration is
rejected, subsequent iterations are computed with the trust region method until a successful
step is obtained.

Numerical experienceindicates that this simple strategy keepsthe trust region informa-
tion up to date and avoids oscillations in the sizeof � k .

3.7 Solution of the Primal-Dual Equations

The primal-dual system(2:4) is solved by using the symmetric inde�nite factorization imple-
mented in the HSL library routine MA27[20]. This routine provides the number of negative
eigenvalues, neig , of the primal-dual system. An important practical consideration is the
choiceof the pivot tolerance. We set it initially to 10� 8 becausesuch a small pivot tolerance
can yield signi�cant savings in computing time. If MA27returns a messageof singularity,
we increaseit by a factor of 10 and compute a new factorization; this processis repeated if
necessaryuntil the maximum allowable pivot tolerance of 0:5 is reached. If the singularity
messagepersists with the maximum pivot tolerance, the step is computed by using the
latest factorization.

We also occasionally use iterativ e re�nement. If the norm of the relative residual of
the primal-dual system provided by the computed solution is greater than somethreshold,
we apply a maximum of �v e iterativ e re�nement steps to try to decreasethis residual and
improve the solution.
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3.8 Quasi-Newton Appro ximations

The algorithm includes several quasi-Newton options for problems in which secondderiva-
tiv es cannot be computed or when such a computation is too expensive. A quasi-Newton
version of the primal-dual step is obtained by replacing r 2

xx L in (2:6) by a quasi-Newton
approximation B . Our algorithm implements denseBFGS and SR1 methods as well as a
limited memory BFGS method.

In all these methods we initialize B to be the identit y matrix. The correction pairs
(y; � x) required by the quasi-Newton updating formula are obtained as follows. After
computing a step from (z; � ) to (z+ ; � + ), we de�ne

y = r xL (x+ ; � + ) � r xL (x; � + )

� x = x+ � x:

The pair (y; � x) is then substituted into the standard de�nitions of the BFGS and SR1
updatesto de�ne B . In order to ensurethat the BFGS method generatesa positive de�nite
matrix, the update is skipped if yT � x � 0. (A damping procedureis also an option.) SR1
updating is safeguardedby using standard rules; see,for example, [21, x8.2].

For large problems it is desirable to use limited memory updating to avoid the storage
and manipulation of a densen � n matrix. We have implemented a limited memory BFGS
method using the compact representations described in [8]. Here B has the form

B = � I + N M N T ; (3.23)

where � > 0 is a scaling factor, N is an n � 2p matrix, M is a 2p � 2p symmetric and
nonsingular matrix, and p denotes the number of correction pairs saved in the limited
memory updating procedure. (Typical values of p are 5, 10, 20.) The matrices N and M
are formed by using the vectors f � xkg and f ykg accumulated in the last p iterations.

Sincethe limited memory matrix B is positive de�nite and A hasfull rank (otherwise we
revert to the trust region step), the primal-dual matrix is nonsingular, and we can compute
the solution to (2.4) by formally inverting the coe�cien t matrix. The computational cost is
decreasedby exploiting the low-rank structure of B . The inverseof the primal-dual matrix
can be written as

0

B
B
@

2

6
6
4

� I 0 AT
h AT

g
0 S� 1� g 0 I

Ah 0 0 0
Ag I 0 0

3

7
7
5 +

2

6
6
4

N
0
0
0

3

7
7
5

�
M N T 0 0 0

�

1

C
C
A

� 1

� [C + UV T ]� 1:

Applying the Sherman-Morrison-Woodbury formula, we can write the right-hand side as

C � 1 � C � 1U
�
I + V T C � 1U

� � 1
V T C � 1: (3.24)

The computation of the primal-dual step (2:4) therefore requires the solution of systemsof
the form Cz = b, which is done by meansof the HSL routine MA27. The matrix inside the
parenthesesin (3:24) is small (of dimension 2p � 2p) and can be factored at negligible cost.
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4 Numerical Results

The algorithm described in the previous sections has been implemented in the Knitr o
package. We refer to the new algorithm as Knitro-Direct becausein practice the majorit y
of the iterations are obtained by factoring the primal-dual system. We compare it with
the trust region algorithm in Knitr o 3.0, henceforthcalled Knitro-CG. We usethe CUTEr
collection [3, 18] as of June 5, 2003, from which 968 problems have been retained; the
remaining problems have beendiscardedbecausethey require too much memory.

All tests were performed on a 2.8 GHz Pentium Xeon, with 3 Gb of memory running
Red Hat Linux. Knitr o 3.0 is written in C and Fortran 77 and was compiled by using
the gcc and g77 compilers with the \ -O" compilation 
ag and was run in double precision.
Limits of 15 minutes of CPU time and 3000outer iterations were imposedfor each problem;
if oneof theselimits wasreached, the algorithm wasconsideredto have failed. The stopping
tolerancesin (3:14a)-(3:14c) were set as � opt = � feas = 10� 6. For details on the convergence
criteria usedin Knitr o 3.0, see[28].

We report results using the logarithmic performance pro�les proposedby Dolan and
Mor�e [10]. Let tp;s denote the time to solve problem p by solver s. We de�ne the ratios

rp;s =
tp;s

t �
p

; (4.25)

wheret �
p is the lowest time required by any code to solve problem p. If a code doesnot solve

a problem, the ratio r p;s is assigneda large number, M . Then, the logarithmic performance
pro�le for each code s, is

� s(� ) =
no. of problems s.t. log2(rp;s) � �

total no. of problems
; � � 0: (4.26)

This performancepro�le will also be used to analyze the number of function evaluations
required by the four codes.

First, we comparein Figure 1 the relative performanceof Knitro-Direct and Knitro-CG
in terms of number of function/constrain t evaluations, on the 968 problems from CUTEr.
In this and the �gures that follow, we plot � s as a function of � . Observe that the two
algorithms are remarkably similar in terms of robustnessand e�ciency , and a pro�le based
on iterations is almost identical to that given in Figure 1. We note that, even though
these two algorithms are quite di�eren t in the way they generatesteps, they share many
other features, including common NLP and barrier stop tests, merit function, second-order
correction, and barrier parameter update strategy.

Next, we comparecomputing times. Since timing results are uninteresting and can be
unreliable on small problems that are solved very quickly, we consideronly those problems
for which n + �m � 1000, where �m is the number of equality and general inequalities (ex-
cluding bounds). Figure 2 gives the performancepro�le for all CUTEr problems with this
sizerestriction.

Onemight expect that Knitro-Direct will require lesscomputing time than Knitro-CG on
problemsin which the Hessianof the Lagrangian of the nonlinear program is ill-conditioned
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Figure 1: Comparing number of function evaluations for Knitro-Direct and Knitro-CG on
968 CUTEr problems.

(causing a very large number of CG iterations) and where factoring the KKT matrix is not
excessively expensive. A detailed examination of the results shows that this is the case,but
we note that the problems in which Knitro-Direct has a clear advantage in speedare also
characterized by the fact that negative curvature was rarely encountered.

For example, when considering the 29 problems in which Knitro-Direct was at least
10 times faster than Knitro-CG, typically 90% of Knitro-CG's time was taken by the CG
iteration (i.e., the Hessian-vector products and backsolvesinvolving the projection matrix),
and only in oneof thoseproblemsdid Knitro-Direct report negative curvature. On the other
hand, in the runs in which Knitro-Direct required much more computing time than Knitro-
CG, the factorization of the primal-dual matrix wasvery expensive (requiring typically 85%
of the total time or more) or negative curvature was encountered frequently.

4.1 Transition Bet ween Algorithms and Negativ e Curv ature

Table 1 provides statistics on the transition to trust region steps. It is basedon the 788
CUTEr problems in which Knitro-Direct reported �nding an optimal solution. The table
givesthe percentageof iterations in which the trust regionstepwasinvoked, and then givesa
breakdown of this number in terms of the three factors that can causethis in Algorithm 2.1:
(i) negative curvature was encountered, that is, neig > l + m; (ii) the line search did not
succeedin reducing the merit function after 3 backtracking steps (backtrack), or (iii) the
primal-dual step was too long in the sensethat minf � max

z ; � max
� g � � (cut-back). The �rst
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Figure 2: CPU time for Knitro-Direct and Knitro-CG on 420 CUTEr problems for which
n + �m � 1000.

Prob. Type # probs TR invoked neg curv backtrack cut-back

All 788 22.9% 15.9% 6.0% 1.0%
Inequality 481 22.3% 13.8% 7.1% 1.4%

Table 1: Frequencyand reasonfor invoking trust region step.

row of this table looks at the whole set of 788problems, while the secondrow looks only at
the 481 problems from this set that have at least one inequality constraint or bound (such
that the cut-back procedure for the primal-dual step is relevant). As Table 1 shows, the
great majorit y of stepstaken in the Knitro-Direct algorithm are direct steps. Moreover, the
iteration reverts to trust region steps mainly becausenegative curvature is detected, and
not becauseof the occurrenceof very short steplengths.

4.2 Quasi-Newton Options

We �rst analyzed the performanceof the three quasi-Newton options in Knitro-Direct on
all small and medium-sizeproblems in CUTEr, that is problems with n + �m < 1000. This
sizerestriction is necessarybecauseKnitro-Direct-BF GS and Knitro-Direct-SR1 implement
densequasi-Newton approximations to the Hessianof the Lagrangian. Knitro-Direct-LM
refers to the limited memory BFGS option storing 20 correction pairs (i.e., p = 20 in the
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notation of x3.8). Figure 3 comparesthese three options in terms of function/constrain t
evaluations.
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Figure 3: Number of function evaluations for 3 quasi-Newton versionsof Knitro-Direct on
548 CUTEr problems for which n + �m < 1000.

In thesetests the SR1 method performs slightly better than BFGS. More signi�cantly,
the limited memory BFGS method is very similar in performanceto its densecounterpart.
This, and the fact that it is applicable to large problems, suggeststhat it can be used as
the default quasi-Newton option in Knitro-Direct.

Next, we compare in Figure 4 the performance, in terms of function evaluations, of
the following 4 methods: (i) Knitro-Direct with exact Hessian(labeled Knitro-Direct); (ii)
Knitro-Direct with limited memory BFGS updating (Knitro-Direct-LM); (iii) Knitro-CG
using limited memory BFGS (Knitro-CG-LM); and (iv) Knitro-CG with an option [28] in
which Hessian-vector products are computed by �nite di�erences of gradients (Knitro-CG-
FD). As before, in the limited memory methods we stored 20 correction pairs. Here we use
the complete test set of 968 problems of all sizes.

As expected, the quasi-Newton versions are less robust and e�cien t than the second
derivative options, but their performance is acceptable. Of 968 problems, Knitro-Direct
with secondderivatives solved 788 problems, whereasKnitro-Direct with limited memory
BFGS solved 693. We note that the �nite-di�erence option is only slightly lesse�cien t, in
terms of function evaluations, than the methods using exact secondderivatives. However,
if gradient evaluations are expensive, this option may be ine�cien t in terms of CPU time.
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